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Fatigue of a spring steel with varying levels of non-metallic 
inclusions 
Alan Edwin Lee Holman 
Abstract 
Plain specimens of two batches of the commercial spring steel BS 251A58 of nominally 
identical processing but significantly differing levels of non-metallic inclusion levels, 
have been tested in rotating bending. 
The data produced has been analysed against some recent methods for the prediction of 
fatigue properties in high strength materials containing defects. 
The materials tested were specifically selected for their disparate cleanliness levels, 
yielding specimens with differing inclusion distribution and maxima. The morphology 
of critical inclusions is identical between the two material batches. Material 
microstructure is tempered martensite with ultimate tensile strength of approximately 
2000 MPa, which renders it well above the strength level where sensitivity to defects 
causes variability in fatigue behaviour. 
Models have been selected from the literature for the prediction offatigue limit using 
characterisation of the local microstructural state and the size and critical position of 
non-metallic inclusions. These models have been validated by the analysis of specific 
failures after fractographic analysis. It has been shown that these models are acceptably 
accurate and generally conservative. 
Difficulties in experimental work have precluded the planned measurement of crack 
growth rates during the current test work. These difficulties have yielded a 
superimposed mean stress to the rotating bend test. This mean stress has been quantified 
for each test and the result coupled with a parameter for mean stress correction. The 
validity of the mean stress correction has been proven in this work to be valid. More 
consistent results are observed for the mean stress corrected data. 
A statistical method for the prediction of maximum non-metallic inclusion size for a 
given number of specimens or components from small sample microsection analyses 
has yielded good results when compared to the fractographic observations. This work 
has investigated the effect of varying magnification level and number of fields surveyed 
on the accuracy of prediction and recommendations are made for the method for 
obtaining best accuracy. 
A 'unified' crack propagation life model from the literature has been applied which 
combines long and short crack growth regimes. The model has shown good correlation 
to the current data but only after fitting of constants and only within the low cycle 
regime. Relationships presented in the literature between constants and the material 
ultimate tensile strength were found to be inapplicable to the current material at this 
strength level. 
Table of Contents 
I Literature Survey 
1.1.1 Metallurgy, Microstructure and Properties of 
high Strength Steels 
1.1.2 High strength steel metallurgy 
1.1.3 Defects in high strength steels 
1.1.3.1 Decarburisation 
1.1.3.2 
I. I .4 
1.1.4.1 
1.1.4.2 
1.1.4.3 
1.1.4.4 
1.1.4.5 
Inclusions 
Effects of material defects upon fatigue properties 
Hardness and fatigue 
Composition 
Microstructure 
Surface factors and fatigue 
Non-metallic inclusions and fatigue 
1.2 Fatigue of Metals 
1.2.1 
1.2.2 
1.2.2.1 
1.2.2.2 
1.2.2.3 
1.2.3 
Stages of fatigue 
Approaches to fatigue 
Total life approach 
Stress control fatigue 
Strain control fatigue 
The defect tolerant approach 
1.3 Fracture mechanics 
1.3.1 
1.3.2 
1.3.2. I 
1.3.2.2 
1.3.3 
1.3.4 
1.3.5 
The Griffith energy balance equation 
Linear Elastic Fracture Mechanics (LEFM) 
Modes of loading 
The monotonic plastic zone 
Elastic Plastic Fracture Mechanics 
The crack tip opening displacement 
The plastic zone 
1.4 
I .4. I 
1.4.2 
Stable Fatigue Crack Growth in Metals 
1.5 
1.5. I 
1.5.2 
Effects of crack closure 
The effect of mean stress on the MC threshold value 
The Importance of Small Cracks 
The effect of microstructure on small crack growth 
Non-propagating cracks and the fatigue limit 
1.6 Fatigue of High Strength Materials Containing Inclusions 
1.6.1 Models for fatigue limit prediction 
1.6.1. I The ..JArea Parameter Method 
I .6.1. I .I Modifications to the ..JArea Parameter Method 
I .6.1.2 Gustavsson and Melander fatigue limit prediction model 
I .6.1.2.1 Crack arrest at pores 
I .6. I .2.2 Description of annular crack in terms of an equivalent 
penny-shaped crack 
I .6. I .2.3 Elastic-plastic crack closure considerations 
I .6.1.2.4 Applicability of the model 
I .6.1.2.5 Comparison with experimental data 
1.6.2 Fatigue Life Prediction 
1.6.2.1 Fatigue life prediction model - Goto et a/ 
I 
4 
5 
5 
7 
7 
8 
9 
9 
12 
13 
14 
15 
15 
15 
17 
19 
20 
20 
21 
21 
24 
24 
25 
25 
26 
27 
28 
28 
31 
33 
36 
37 
39 
45 
49 
49 
50 
51 
53 
55 
56 
57 
1.6.2.1.1 
1.6.2.1.2 
The short crack problem 
Development of a unifying treatment for large and 
small crack growth 
1.6.2.1.3 
1.6.2.1.4 
1.6.2.1.5 
Experimental investigation of the small crack growth law 
Experimental development of the small crack growth law 
Fatigue life prediction based on the small crack growth law 
I. 7 Objectives of the Current Research Project 
2 Experimental Techniques and Materials Characterisation 
2.1 Experimental Design 
2.1.1 
2.1.2 
2.1.3 
2.1.3.1 
2.1.3.2 
2.1.3.3 
Material selection and processing 
Selection of fatigue test method 
Application of an experimental design method 
Nuisance variables 
Stress levels and replication 
The resulting experimental design 
2.2 Specimen Design and Manufacture 
2.2.1 Determination of optimum design 
2.2.1.1 Determination of specimen properties via integration using the 
MathCad "Wohler.MCD" worksheet 
2.2.1.2 Numerical integration of specimen properties via MS Excel 
'Wohler.xls' spreadsheet 
2.2.1.3 Final specimen design 
2.3 Material Properties 
2.3.1 
2.3.2 
2.3.2.1 
2.3.2.2 
Tensile tests 
Hardness testing 
Vickers hardness testing 
Micro-hardness testing 
2.4 Characterisation of non-metallic inclusions 
2.4.1 
2.4.1.1 
2.4.2 
2.4.2.1 
2.4.2.2 
2.4.2.3 
2.4.2.4 
2.4.2.5 
Inclusion rating method by the statistics of extreme values (IRMSE) 
and its application to predicting fatigue strength of high strength steels 
Description of the method of extreme statistics applied to assessing 
inclusion content of steels 
IRMSE analysis of non-metallic inclusions in the test steels 
Specimen selection 
The use of image analysis 
Analysis of data 
Analysis of each sample 
Analysis of the cumulative data 
2.5 Residual Stress Analysis 
2.5.1 Residual stress results 
3 Experimentation and Data 
3.1 Experimental problems 
3.1.1 
3.1.2 
3. 1.3 
3. 1.3.1 
Waist diameter variation and the correction of stress levels 
Waist non-concentricity. 
Specimen permanent deformation. 
Dynamic analysis of specimen curvature effects 
58 
58 
60 
61 
66 
66 
67 
67 
67 
69 
69 
70 
71 
73 
76 
76 
77 
80 
81 
82 
82 
82 
83 
83 
85 
86 
87 
88 
88 
88 
89 
91 
93 
95 
96 
97 
97 
97 
97 
98 
98 
3.1.3.2 Stress correction due to dynamic response 
3.2 
3.2.1 
3.2.2 
3.3 
3.3.1 
3.3.2 
3.3.3 
Implications of Specimen Imperfections 
Implications on crack growth measurement 
Implications on fatigue limit determination 
Results 
Fatigue life vs. basic applied stress 
Fatigue life vs. PSWT- Corrected for specimen deflection 
Selection of the correction method 
4 Fractography of Fatigue Failures 
4.1 
4.2 
4.2.1 
4.2.2 
4.2.3 
4.2.4 
Qualitative Analysis of Fatigue Initiations 
Quantitative Analysis of Fatigue Initiations 
Analysis of fatal inclusion depth 
Analysis of failures by fatal inclusion size 
Analysis of failure deviation from specimen peak stress point 
Analysis of failures by position on SIN curve 
5 Analysis of Results 
5.1 
5.1.1 
5.1.2 
5.1.2.1 
Murakami's Method for Fatigue Limit Prediction 
Assessment of Inclusions Rating by the Statistics of Extreme Values 
Assessment of the "~/Area Parameter Method- comparison to observed 
experimental fatigue results 
Assessment of the method using the fatigue data with uncorrected 
(basic) applied stress-at-waist values 
5.1.2.2 Assessment of the method using the fatigue data with applied stress 
values corrected for position of failure 
5.2 
5.2.1 
5.2.2 
5.2.3 
Kurahari's Modification to the Murakami method 
Assessment of the method in comparison to observed failures 
Analysis of results in the high inclusion material 
Analysis of results in the Low inclusion material 
5.3 Gustavsson and Melander - Fatigue Limit Prediction Method 
5.3.1 
5.3.2 
5.3.2.1 
5.3.2.2 
Assessment of the model in usage 
Comparson of the Gustavsson method to fatigue testing 
Relevance of P level selected 
Relevance of the ~Ko level selected 
5.4 
5.4.1 
5.4.2 
6 
6.1 
6.2 
Goto and Nisitani method for crack propagation life prediction of 
carbon and low alloy steels 
Assessment of the model in comparison to the current experiment 
Derivation of suitable values for C3 and n 
Conclusions 
Inclusion Rating by Statistics of Extreme Values (IRMSE) 
Murakami's "~/Area Parameter Method 
100 
102 
102 
104 
104 
104 
105 
105 
109 
109 
114 
115 
116 
117 
121 
123 
123 
124 
125 
126 
128 
131 
132 
133 
134 
137 
137 
139 
141 
144 
145 
146 
148 
150 
150 
151 
6.3 Kurihara's modification to the VArea Parameter Method 
6.4 Fatigue Limit Prediction Method - Gustavsson and Melander 
6.5 Go to and Nisitani - Prediction of crack propagation life of low 
alloy steels. 
References 
Appendices 
1 Materials Certificates 
2 Symbolic Calculation Mathcad Worksheet "Wiihler.MCD" 
151 
152 
152 
154 
1. Literature Survey 
In high strength materials, above the Vickers hardness level of approximately 400Hv, it 
is well documented7 that material defects lead to variable fatigue performance when 
compared to that exhibited by less strong materials. 
Such defects are often in the form of features resulting from the material manufacture 
and can be either very difficult or prohibitively expensive to control. 
A major form of defect in steels is the non-metallic inclusion which will be present in a 
number of compositions and morphologies within a given steel and is the result of 
impurities trapped within the processed steel at the smelting stage. In cost effective 
commercial steels the size distribution of non-metallic inclusions present is likely to 
include inclusion sizes around one order of magnitude larger than that which is 
predicted not to affect fatigue performance. 
1.1 Metallurgy, Microstructure and Properties of High Strength 
Steels 
1.1.1 High strength steel metallurgy 
The materials tested in this study are high strength quenched and tempered spring steels. 
The basic microstructure is tempered martensite and the yield stress is determined by a 
combination of the following strengthening mechanisms 1; 
• Substructural hardening by subgrains and dislocations 
• Solute hardening by carbon (dissolved and segregated) 
• Precipitation hardening by small carbides 
The martensitic microstructure required in steel spring components, produced by 
quenching and tempering, exhibits enhanced properties, in terms of toughness, in 
comparison to a pearlitic microstructure of equal strength, where toughness can be 
defined as the ability to deform without rupture. Similarly a martensitic microstructure 
would possess the capacity for significant flow under adverse stress, for example below 
a notch in bending, at a temperature far below that at which a pearlitic microstructure of 
equal strength would break in a brittle manner. 
The major restriction for the use of plain carbon steels for the manufacture of quenched 
and tempered components is that through-hardenability can only be achieved for small 
section. The addition of alloying elements is generally (cobalt being the exception) to 
stabilise austenite, such that transformation rates at subcritical temperatures are 
suppressed. This means either that pieces can be cooled more slowly or that larger 
sections can be quenched in a given medium to attain the desired martensitic structure 
throughout. 
The primary reason for use of alloying elements in steels is to enable attainment of a 
martensitic microstructure23 , and therefore enhanced properties, throughout larger 
components- i.e. to increase hardenability. In addition Higgins2 states that, 
"The principal objectives in adding alloying elements are": 
1. To improve and extend the existing properties of plain carbon steels 
2. To introduce new properties not available in plain carbon steels 
There are several elements commonly used in alloying steels, these increase 
hardenability in approximately the following order,3 
Vanadium 
Molybdenum 
Chromium 
Manganese Decreasing effect 
Silicon 
Copper 
Nickel 
During quenching, alloying elements have the general effect of reducing the temperature 
range over which martensite is formed. Since the sections concerned are generally large 
then the transformation stresses set up tend to be larger than those encountered in the 
(smaller sections of) plain carbon steels and quench cracking can be a problem. This 
effect, however, is more than offset by two factors, 
• The increased hardenability due to addition of alloying elements allows a 
reduction in carbon content for a given application - lower carbon steel 
exhibits a much reduced susceptibility to quench cracking and the phenomena 
is rarely encountered below a carbon level of0.25%·. This can be attributed to 
the greater plasticity oflow carbon martensite and to the increased temperature 
range over which lower carbon martensite is formed 
·Carbon is rarely used as a harden ability agent because of its adverse effect on toughness and tendency to 2 
promote distortion and cracking' 
• The improved hardenability of the alloy steel permits a less severe quench 
for full through hardening of a given section, therefore producing lower 
quenching stresses 
The quenching of steel is performed to produce the desired martensitic structure but 
steel is very rarely put into service without further processing due to the extreme lack of 
ductility and toughness. Tempering is therefore performed to impart a level of toughness 
to the material. The mechanism of tempering is to decompose the martensite by 
allowing diffusion of carbon atoms, locked in solid solution in ferrite, to form finely 
dispersed carbides. This diffusion allows a relaxation of stresses within the highly 
deformed structure. 
Tempering of quenched steel is performed to increase toughness but also will result in 
some loss of hardness as an undesired secondary effect. The general effect of alloying 
elements is to reduce the softening rate, resulting in the need for a higher tempering 
temperature in order to achieve a given hardness level, as compared to a plain carbon 
steel of the same hardness level. This is known as temper resisitance and is achieved3 by 
retarding or suppressing the formation of iron carbide (Fe3C), either by stabilising theE-
carbide (Fe2.4C) formed on the initial decomposition ofmartensite, or by forming 
carbides which are more stable and grow more slowly than Fe3C. Alloying elements 
therefore allow the tempering of steel to a higher strength level for a given ductility. 
Nickel, silicon, aluminium and manganese have little capacity for carbide formation and 
are generally found to remain in solution in ferrite, contributing little to the hardness of 
the tempered steel. 
Conversely, chromium, molybdenum and vanadium migrate to the carbide phase when 
diffusion is possible and retard softening -particularly at higher temperatures. In 
addition to raising the tempering temperature, addition of high levels of these elements 
can actually result in an increase in hardness at certain tempering temperatures, known 
as 'secondary hardening'. 
Llewellyn3 cites the work of Grange and Baughman (1956) who established a rank order 
of potency for elements in promoting temper resistance: 
Vanadium 
Molybdenum 
Manganese Decreasing effect 
Chromium 
Silicon 
Nickel 
3 
Although it is evident that vanadium and molybdenum are very effective hardenability 
and temper-resistance alloy additives they are very expensive and are therefore 
precluded from use in many cost sensitive applications. One vanadium steel under 
investigation proved, through component fatigue tests at the University of Plymouth, to 
exhibit 18% superior fatigue properties to the standard silicon manganese mix, but at 
significant cost premium. 
In addition it was observed that components manufactured from one batch of the 
vanadium steel, containing a significantly higher level of non-metallic inclusions than 
other melts, exhibited inferior fatigue performance - even compared to the silicon 
manganese steel with lower inclusion content. 
Manganese is an effective hardenability agent and is currently used as such in 
suspension spring steels in the UK, but lends little to temper resistance. 
Although the selection of an enhanced steel containing elements such as vanadium is 
beneficial, the increased cost must be considered in comparison to the benefit in weight 
saved. Currently the cost of vanadium addition steels is rising steadily and therefore its 
use is undesirable. It is also clear that the specification of an enhanced steel needs to be 
accompanied by reduced defect levels for the benefit to be realised. 
1.1.2 Defects in high strength steels 
There are a number of common inherent defects likely to be present in any commercial 
high strength steel, a knowledge of these defects is important since they influence the 
requisite mechanical properties stated above. 
• Small cracks - Present in some finished components due to quench 
stresses. Order of magnitude <30J.Lm 
• Seams (laminations) - Present from the hot rolling of billet into stock 
material, containing scale and oxides. Seams of 3mm deep have been found by 
the author in current production wire materials 
• Surface damage- Remaining from incoming commercial material or 
introduced during processing in the form of small fissures, dents, and gouges. 
Fissures are approximately 50J.Lm whilst the latter defects are of order 0.25mm 
• Decarburisation- A surface layer of depleted carbon content 
• Non-metallic Inclusions -By-products of slag from the smelting process 
trapped in the billet after solidification 
A detailed discussion of the relationships between defects and fatigue properties is 
presented in section 1.1.3. 
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1.1.2.1 Decarburisation 
Decarburisation is the depletion of carbon from the surface layer of the steel component 
during thermo-mechanical processing, via atomic diffusion. There are two types of 
decarburisation, which are both present in the microsection ofFigure 1.1. 
Complete decarburisation is found at the outer surface of some samples of material 
and results in a local layer of ferrite (almost pure iron) which is very soft. The presence 
of high silicon in a steel will promote decarburisation ofthe surface layer since silicon 
renders cementite unstable, enabling it to decompose into ferrite and free-cementite, 
which precipitates. In the, pearlitic, incoming material of the steels being studied, 
decarburisation is accompanied by growth of very coarse, columnar surface grains. 
Figure 1.1 - Optical micrograph of incoming material showing complete and partial 
decarburisation (observed by the author in incoming commercial material) 
Partial decarburisation, unless removed, is probably present in most material, perhaps 
beneath a layer of complete decarburisation. It is softer than the base microstructure but 
is less deleterious than complete decarburisation. 
Total decarburisation is the combined layer of complete and partial decarburisation. 
Decarburisation is usually present in incoming commercial materials. Close control of 
the thermo-mechanical processing, for example by control of the furnace atmosphere, 
can mean that little decarburisation is added during the manufacture of a component. 
The effects of decarburisation on the finished spring are to impart a diminishing 
hardness to the surface4. This layer is not substantially hardened by shot peening and 
decarburisation is deleterious to final fatigue properties. 
1.1.2.2 Inclusions 
There are three major types of inclusion present in current production materials, 
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Figure 1.2- (a) Stringer inclusions in a silicon manganese steel-longitudinal section (b) Globular 
inclusion in a silicon manganese steel-longitudinal section (c) Broken globular inclusion in a silicon 
manganese steel-longitudinal section etched nital (d) Duplex inclusion in a silicon (observed by the 
author in incoming commercial material) 
Manganese sulphide (MnS). Figure 1.2(a) shows a soft inclusion present in all batches 
of incoming material in the form of elongated stringers. These inclusions are aligned 
with the axis of the hot-rolled material, due to their deformability at hot working 
temperatures, and are typically less than 2J..Lm in width and up to 1 OOJ..Lm long. MnS is 
characteristically light grey in colour. 
Oxides. Figure 1.2(b) and (c). Present in all materials in the form of globules, these are 
generally composed of Silicon-Oxide (Si02) or Alurnina (Ah03). They are very hard 
and resistant to deformation, resulting in much larger eventual sizes than MnS inclusion. 
The amount and size of globular inclusion present has been shown to vary significantly 
between batches of incoming material, occasional maxima of up to 80J..Lm diameter 
being present. 
Duplex Inclusions. Figure 1.2( d). These inclusions are a combination of two or more 
constituents. In commercial hot rolled wire there are many examples of small globular 
inclusions, mainly Ah03, surrounded by elongated MnS. 
Table 1.15 compares the typical properties ofMnS and Ah03 inclusions with AISI 9260 
steel quenched and tempered to 40HRc. 
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Property AlzOJ MnS AISI9260 
Coefficient of linear thermal 8 18.1 11.8 
expansion (O"C to 700"C), 1 o-
6/"C 
Density, g!cm3 3.96 3.99 7.83 
Microhardness, Kg/mm' 300 to 4500 170 400 
Deformability Index at Room 0 1 1 
Temp. , relative to steel, v 
Table I. I - Properties of some inclusions and SAE 9260 steel at 40 HRc 
It is well documented that the presence of inclusions serves to decrease the fatigue 
performance of hard steels, as discussed below. Modem methods for predicting fatigue 
characteristics based upon microstructural characteristics and inclusion levels form the 
major thrust of this thesis and are reviewed in section I .6. 
1.1.3 Effects of material defects upon fatigue properties 
Fatigue failure can generally be described as the failure of a component due to a 
repeated number of load applications at a stress below the yield stress of the material. 
This section will summarise some of the research carried out to determine the 
relationship between fatigue resistance of high strength steels and some controlling 
factors relating to microstructure, defect levels, composition and surface finish. The aim 
is not to provide an exhaustive survey but simply to present some general trends and 
inherent problems. A more thorough survey, addressing the major theme of this thesis, 
fatigue strength prediction in high strength steel containing inclusions, is included in 
section 1.6. 
The data used in this section are sourced from references 2, 5 and 6-20 inclusive, and 
where possible are accredited to the original researcher. 
1.1.3.1 Hardness and fatigue 
One of the major problems with hard (strong) steels is the difference in fatigue 
characteristics when compared to steels oflow strength. For such (softer) steels there 
exists a definite relationship between fatigue strength and the Vickers hardness, which 
could be applied to determine the operating limits of the material with a degree of 
accuracy. It is now generally accepted that for harder steels (Hv>400) a large scatter in 
fatigue strength is to be expected, along with a significantly reduced performance on 
that suggested by the hardness, Figure 1.3. 6 
7 
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Fatigue strength for these steels can only be described by a range of fatigue strength 
denoted by an upper (ideal) and lower bound of perfonnance. This phenomenon is 
explained by the increased sensitivity of hard steels to small defects and inclusions in 
the matrix and was first observed by Garwood et aP. This area fonns the major thrust of 
this thesis and is developed further in section 1.6. 
The major problem in this is that fatigue characteristics of hard materials are largely 
governed by presence of defects. Inclusion levels, for example, are variable between 
material melts, and can further be added to by thenno-mechanical treatments (in the 
fonn of seams, laps, microcracks, mechanical damage and decarburisation). Therefore at 
high strength levels, nominally identical components can exhibit very different levels of 
fatigue resistance. 
zo 2~ so l~ •o •s so ~' 
--·c ............ 
Figure 1.3- The effect of hardness on fatigue limit of through hardened and tempered steels in 
rotating bend6 
It was found by the Chrysler motor company7 that by increasing the hardness of helical 
suspension springs from 44HRc to 53HRc a minimum of 117% increase in the fatigue 
life of the component could be expected. 
1.1.3.2 Composition 
Referring to Figure 1.4, selected and re-plotted data from Figure 1.3, a definite increase 
in fatigue limit is observed with increasing carbon content. In addition alloy content in 
in the steels tested had little effect upon fatigue limit2- being present primarily as an aid 
to hardenability. 
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H"""-'- HRC 
4140 ~oAc 4053 ~o.s3c 4163 ~o.63C 
Figure 1.4- The effect of carbon on the fatigue limit of through hardened and tempered steels 6 
1.1.3.3 Microstructure 
Hardenability requirements for spring steels are such that a microstructure of 100% 
martensite should be developed during heat treatment. It is reported2 that, for a given 
steel, the highest fatigue limit is achieved with 100% tempered martensite, decreasing as 
martensite level decreases as shown in Figure 1.5. 
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Figure 1.5 -Effect of martensite on the fatigue limit of low alloy steels in rotating bend 6 
The results of several investigations 7 on medium carbon and low alloy steels in which 
the rate of quenching from the austenitic temperature was varied, and subsequently 
tempered to identical hardness, showed that a slower quench, such as in air rather than 
oil, reduces fatigue limit by 5-8%. For high stress levels, at the far left of the S-N curve, 
it has been shown that fatigue life reduction is around 2.5-4%. 
1.1.3.4 Surface factors and fatigue 
The condition of surface layers has great influence over the fatigue properties of 
components. Surface defects and inclusions act as small notches and thus serve as 
fatigue initiators, particularly in higher strength materials. Beneficial modifications to 
the surface can be made via processes such as case hardening or shot peening. For 
9 
components which are expected to experience a high surface stress profile the selection 
or development of fatigue resistant materials should therefore be of secondary 
importance to the optimisation of surface characteristics 8•9. 
Decarburisation, directly reduces the hardness of the component surface. Figure 1.6, 
from the work of Jackson & Pochafsky10, show how, for 3 alloy steels quenched and 
tempered to HRC48 and HRC28, the percentage reduction in fatigue strength is greater 
for the higher strength steel when the surface is decarburised, than for the same depth of 
decarburisation in the softer steel, since the depletion of carbon renders both steels the 
same eventual surface hardness. 
The tests were carried out in fully reversed bending for the SAE 2340 and SAE 5140 
materials and tension- compression for the SAE 4140. 
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Figure 1.6 - Effect of decarburisation on fatigue strength of alloy steel bars10 
Interestingly some potential loss in fatigue performance through decarburisation can be 
regained by artificial recarburisation of the surface. One experiment2 consisted of a 
determination of the fatigue limit of27 specimens divided into three groups of nine the 
results of which are summarised in Table 1.2. 
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Condition Bulk Surface Condition Fatigue limit (MPa) 
Hardness 
Quenched and tempered 30-31.5 Decarburisation free 562 
Quenched and tempered 29.5- 30 De carburised 338 
26-30 Decarburised and 510 Quenched and tempered 
recarburised 
Table 1.2 - A comparison of fatigue limit data for quenched and tempered specimens, 
decarburisation free, decarburised, and decarburised/recarburised6 
The results clearly show how recarburisation of specimens restores significant potential 
fatigue resistance, particularly if the lower bulk hardness of the recarburised specimens, 
as compared to the non-decarburised specimens, is taken into account. 
Decarburisation combined with shot peening- Table 1.3 shows the effect of 
decarburisation and subsequent shot peening on quenched and tempered, un-notched 
specimens ofSAE 4340 in an axial fatigue test. 
Condition Tensile Strength Surface Condition Fatigue strength @ 
(MP a} IM c;rcles {MPa} 
Quenched and 1655- 1930 Decarburisation free 827 tempered 
Quenched and 1655- 1930 Decarburised 0.76-0.076mm 276 tempered 
Quenched and 1655- 1930 Decarburised 0.76-0.076mm 655 tempered Shot peened 0.012 A2 intensity 
Table 1.3 - The effect of decarburisation and subsequent shot peening on 4340 steel in axial fatigue• 
These results strongly suggest the ability of the shot peening operation to provide a 
degree of correction to the impaired surface quality of decarburised specimens. 
The generally accepted modem use of shot peening is to introduce a compressive 
residual stress into the surface layer of a component in order to impart enhanced fatigue 
characteristics. Garwood et aF have stated that the use of shot blasting is useful in the 
correction of certain surface features, such as those introduced by surface grinding, with 
beneficial effects on fatigue performance. They performed experiments to assess the 
effects of varying the degree of shot peening and observed how an optimum level 
existed, beyond which no increase in fatigue performance was produced. Up to six-fold 
improvements in fatigue strength were observed. 
In the above experiment no attempt has been made to compare un-decarburised-shot 
peened specimens to those in the decarburised-shot peened condition. However 
Kurihara et af performed one such experiment which is described in the context of a 
fatigue limit prediction model in section 1.6. This method provides a good prediction of 
fatigue limit of shot peened components, including the consideration of other factors, 
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but does not give any clear indication of whether significant improvements could be 
attained. 
1.1.3.5 Non-metallic inclusions and fatigue 
Inclusions, as described previously, have a detrimental effect upon fatigue response -
specifically in high strength steels. It is suggested6 that the effect of non-metallic 
inclusion size, distribution, frequency and type may have more effect upon fatigue 
response of carbon and low alloy steels than variations in microstructure, chemical 
composition or stress gradient. 
Murakami et al, with the ...JArea Parameter Method 11 '20, base fatigue limit prediction 
upon assessments of largest probable inclusion size present with good results, thus 
addressing the problem of varying cleanliness in high strength steel melts. However they 
disagree with the importance of inclusion morphology and type - at least as far as the 
fatigue limit is concerned. 
Figure 1.7 shows the results of fatigue tests by Johnson and Sewe1121 investigating the 
bearing fatigue properties of SAE 52100 bearing steel and fatigue performance. 
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Figure 1.7- Showing the effect of inclusions on the fatigue performance of SAE 52100 bearing 
steee1 
It is observed that hard inclusions, alurnina and silicates, have a damaging effect on 
fatigue performance. Conversely the presence of sulphide inclusions appears to be 
beneficial. Brooksbank and Andrews22 attribute this to the cushioning effect of the soft 
sulphide inclusions which surround the hard inclusions. 
The dependence of fatigue strength upon fatal inclusion size is demonstrated in Figure 
1.8 and summarises the work ofCurnmings, Stullen and Schulte (1957). A total of 107 
specimens were cut from three bars of aircraft quality SAE 4340 steel and heat treated to 
12 
a tensile strength of 965MPa. All of the tests were performed at 593MPa and it is 
evident that as fatal inclusion size increases, the fatigue life decreases . 
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Figure 1.8- Effect of inclusion size on fatigue life, tested at 593MPa6 
1.2 Fatigue of Metals 
Fatigue is a mechanism of damage or failure due to repeated load cycling. The American 
Society for Metals defines fatigue as follows23; 
" The phenomenon leading to fracture under repeated fluctuating stresses having a 
maximum value less than the tensile strength ofthe material. Fatigue fractures are 
progressive, beginning as minute cracks that grow under the action of the fluctuating 
stress." 
In fact most engineering components are designed such that applied loadings will 
typically induce bulk stresses which are below the yield strength of the material. 
Failures due only to externally applied stresses or strains are termed 'mechanical 
fatigue' 24• Some additional factors, combined with load cycling, yield other mechanisms 
which interact with cycling to form other fatigue modes, Table 1.4. 
Fatigue type Additional causal factor 
Creep fatigue High temperature 
Thermo-mechanical fatigue Fluctuating temperature 
Corrosion fatigue Aggressive/embrittling environment 
Sliding or rolling contact fatigue Sliding or rolling contact 
Fretting fatigue Oscillatory sliding and friction 
Table 1.4- Types of fatigue process (Suresh)24 
Most engineering failures are attributable to one or more of the above processes. 
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1.2.1 Stages of fatigue 
Fatigue can be divided into a number of discrete stages as follows; 
1. The creation of microscopic cracks 
2. Substructural and microstructural changes which lead to nucleation of 
permanent fatigue damage 
3. The growth and coalescence of microscopic flaws to form dominant cracks 
4. Stable propagation of dominant microcracks 
5. Final fracture or structural instability 
Liao et a/ 25 simplify these stages with the diagram of Figure 1.9. 
'· . . 
start . fatigue damage acaunulation fracture 
0 ar\d crack nucleation· ahl• small crack groWth a,.., macrocrack grow1h a. 
crack nucleation life I small crack growth life crack groW'Ih life 
crack initiation life I 
·rata! fatigue life 
Figure 1.9- The division of total fatigue life25 
Thus it is seen that the total fatigue life of a component or specimen is consumed in the 
progression of a sequence of stages leading to final failure; 
Nr=Ni + Np 
Where; 
N =crack initiation life= nucleation life + short crack propagation life 
Np =crack propagation life 
Nr = Np =Total fatigue life 
In defect free smooth test specimens, all stages of Figure 1.9 will contribute to the total 
fatigue life, at low stress levels (high cycle fatigue) the nucleation and short crack 
growth portions of life (Ni) will contribute very highly to total life. 
In specimens containing significant defects the nucleation portion of life is eradicated26 
and total life is foreshortened; examples of this are in materials containing high levels of 
non-metallic inclusions27, or in weldrnent material71 . 
This concept will be discussed in more detail later. 
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1.2.2 Approaches to fatigue 
Suresh24 defines two approaches to fatigue design, the total life approach and the defect 
tolerant approach. 
1.2.2.1 Total life approach 
Total life approaches to fatigue characterize the 'total fatigue life' to failure (Nr) in 
terms of the cyclic range of stress or strain (plastic or total). 
Data is derived from laboratory testing of smooth specimens under conditions of 
controlled amplitude stress (cra) or strain (Ea) cycling. The cr3-Nr or Ea-Nr relationship 
derived is for total life only and does not characterize initiation and propagation phases 
individually. 
Classical approaches can be used to determine the effects of factors such as mean stress, 
variable amplitude loading and presence of stress concentrations. 
1.2.2.2 Stress control fatigue 
It is common practice to describe the fatigue behaviour of metals using SIN curves. 
Figure 1.10 shows a schematic representation of an SIN curve which describes a typical 
relationship between the level of constant amplitude applied stress cr. and the total 
number of load cycles (fatigue life) to failure Nr . 
...... ---.-:--
--
Figure 1.10- Schematic of SIN curve24 
The total fatigue life, Nr, of a specimen or component at a given applied stress level may 
comprise all five stages noted in section 1.2.1. 
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It is observed that at high stress levels Nr is very low and for Nr<1 04 cycles the term low 
cycle fatigue (LCF) is used and the discussion of section 1.2.2.3 (below) becomes 
pertinent. 
To the right hand side of the curve the applied stresses cra are low and it is seen that very 
long fatigue lives are expected. Nr beyond I 06 cycles is low stress-long life behaviour, 
termed high cycle fatigue (HCF). 
In the HCF region it is seen that there is a marked difference in the fatigue 
characteristics of materials. 
The solid line shows behaviour for materials which strain-age such as copper alloys and 
mild steels. A marked plateau is observed whereby at a certain level of stress the tests 
cease to yield failures, this is termed the fatigue limit or endurance limit O"e for the 
material. 
The dotted line shows the response for aluminium alloys and some high strength steels 
whereby failure will continue to occur at increasingly low applied stress amplitude O"a 
but corresponding to increasing life Nr. Therefore in these materials a definitive fatigue 
limit is not observed and must be stated in relation to a given lifetime, normally 107 
cycles. 
Other design measures which can be drawn from the SIN approach are, 
1. Fatigue strength -the level of applied stress which is expected to cause failure at 
a stated number of cycles 
2. Fatigue life- the number of cycles to failure for a stated value of applied stress 
amplitude 
Nomenclature for a stress controlled fatigue test enables the description of the loading 
conditions. Figure 1.11 schematically illustrates different types of stress cycle 
characteristics as defined below, 
Maximum stress 
Minimum stress 
Stress range 
Stress amplitude 
Mean stress 
Stress ratio 
crmax (or Smax) 
crmin (or Smin) 
O"a = 11cr/2 
O"m = ( O"max + O"min)/2 
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Figu~e i .11 - Explanation of the components of a stress cy~le28 
For tests with zero mean stress (R=-1) the Basquin law29 applies for stable crack growth, 
expressed by the relation, 
Eq.[1] 
Where crr' is the fatigue strength coefficient· and b is the fatigue strength exponent, 
lying in the range -0.05 > b > -0.12. Nr is the number of cycles to failure and ~cr is the 
elastic stress range. 
1.2.2.3 Strain control fatigue 
As previously noted the total fatigue life of a component or specimen comprises the sum 
of life spent in a number of processes, which may be simply summarized as crack 
initiation life and propagation life. 
The proportion of life spent in each process will be affected by factors such as 
component geometry or loading conditions. For example a notched specimen with high 
stress concentration factor KT will experience significant plasticity at the notch root at 
relatively low stress level and a crack will initiate early on, followed by a low crack 
propagation rate and therefore long propagation life. In some instances a crack may 
initiate which does not grow, the non-propagating fatigue crack30•31 •32 , this forms a 
further definition for the fatigue limit and is discussed later. 
Conversely a smooth un-notched sample of the same material will not experience the 
local plasticity of the notched specimen and will thus exhibit a higher life to crack 
initiation for the same applied load. 
• Which approximately equals the true fracture strength of the material 
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The relative crack initiation life will vary when identical specimens or components are 
subjected to different levels of applied stress (or total number of cycles to failure), 
illustrated by Figure l.l2 . 
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Figure 1.12- The transition from propagation dominated life to initiation dominated life as applied 
stress decreases28 
For un-notched or mildly notched specimens the crack initiation life is seen to be, 
relatively and absolutely, short- tending to zero as the yield stress is approached. 
Conversely, at low stress amplitudes, the initiation process proves to be increasingly 
dominant until the fatigue limit is reached which, as with stress controlled fatigue, can 
be shown to be governed by the non-propagation of an initiated crack30•31 •32 . 
Coffin noted that the plastic strain amplitude could be related to the number of cycles to 
failure Nr as follows33 ; 
Eq.[2] 
and where C and care constants and -0.7 < c > -0.5 
The more general form of this equation is shown below and was also noted by Manson34 
in the same year; 
Eq.[3] 
E' r = the fatigue ductility coefficient <p True fracture ductility in monotonic 
tension. 
At this stage it is important to examine the plastic and elastic strain components and 
their combined relationship to the crack initiation life, shown in Figure 1.13. In this 
diagram N; is defined as the number of load cycles required to produce a detectable 
crack. In the low cycle fatigue regime, where N;<l 04 cycles the total strain amplitude ~E 
is increasingly dominated by the plastic strain component ~Ep as Ni reduces. 
The converse is true at the high cycle range as ~Ep ---+ 0 and N; ~ I 06 cycles. 
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Thus the relationship for N; at R=-1 may be split into the plastic and elastic elements of 
strain by the combination of equations [I] and [3], 
11E/2 = {o//E)(2Nr)b +E'r(2Nrt Eq.[4] 
For a 4340 quenched and tempered steel the following values are published24, 
cry 1172 Mpa 
<rr' 1655 Mpa 
Er' 0.73 
b -0.076 
c - 0.062 
Finally, from the above relationships and referring to Figure l.l3 it is possible to 
determine a 'transition life' at which the magnitude of elastic and plastic strains is 
equal; 
{2Nr)1 = (Er,Eicrr)'1(b-c) Eq.[5] 
1.2.3 The defect tolerant approach 
This approach is based upon fracture mechanics principles and recognizes the existence 
of defects within a materiaL The defect tolerant approach allows for the determination 
of a 'residual fatigue life' based upon crack propagation rates for existing cracks. 
For a machine component an existing flaw may be detected using a non-destructive 
testing (NDI) technique, which will have a known minimum flaw size resolution. If no 
flaw is detected upon inspection then safe design dictates that the size of an existing 
flaw must be assumed to be equal to the known resolution of the NDI technique. 
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The useful fatigue life of the component is the calculated lifetime (number of cycles) to 
propagate the existing flaw (crack) to a critical size which will be determined from 
fracture mechanics principles or from some functional requirement of the component-
maximum tolerable deflection for example. 
This method is conservative and is pertinent where human life will be at risk should 
catastrophic failure occur. Defect tolerant design focuses on the range of fatigue life 
described by linear elastic fracture mechanics. The total life approaches to fatigue also 
consider the phases of crack initiation (nucleation and short crack growth) and it will be 
shown in following sections that linear elastic fracture mechanics (LEFM) is not directly 
applicable to these phases. 
1.3 Fracture Mechanics 
The object of fracture mechanics is to provide quantitative answers to the problems of 
cracks in structures. 
The fundamental questions to which fracture mechanics attempts to provide quantitative 
answers are36, 
1. What is the residual strength as a function of crack size? 
2. What is the maximum tolerable length of crack? 
3. How long does it take for a crack to grow from an initial size to the maximum 
permissible crack size? 
4. What is the service life of a structure contacting a certain pre-existing crack size 
or manufacturing defect? 
5. During the period available for crack detection how often should the structure be 
detected for cracks? 
In simplified terms 'how strong is a component with a crack in it?' 37 
1.3.1 The Griffith energy balance equation 
Griffith postulated that during the unstable extension of a crack in a brittle solid the 
input of mechanical energy equals the change in surface energy for the new surface 
created. 
Griffith used the Inglis stress analysis for a through thickness crack of length 2a in an 
infinite elastic plate subjected to a far-field normal tensile stress, cr, to show that for a 
plate of unit thickness, the critical fracture stress crr is, 
crr= V((2E'ys)/(na)) Eq.[6] 
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per unit thickness. Where Ys is the free surface energy per surface area and E' is the 
Youngs' modulus for plane strain and plane stress respectively, 
E' =E Eq.[7] 
The above relates only to very sharp cracks in brittle materials, Orowan38 proposed a 
plastic term Yp in order to encompass metals. Irwin39 also suggested such a modification 
and introduced the term G, the energy release rate, which represents a driving force. 
The critical value ofG can be determined by calculating the stress cr required to fracture 
a plate with a crack of size 2a. 
Eq.[8] 
Despite the elastic modification this equation is still limited to predicting the instability 
of an ideally sharp crack and does not allow for determination of slow stable crack 
growth characteristics- i.e. fatigue. 
1.3.2 Linear Elastic Fracture Mechanics (LE FM) 
Linear elastic fracture mechanics forms a basis for understanding the behaviour of 
fatigue cracks. 
1.3.2.1 Modes of loading 
Figure 1.14 shows a diagrammatic description of the loading modes leading to crack 
surface displacement44 . Pivotal to LEFM is the use of the Stress Intensity Factor Kin 
the description of the stress and fields around the crack tip, where K is a mechanics 
parameter. 
m 
Figure 1.14- Crack face loading modes44 
Observations show40•41 that, under generally elastic conditions, cracks in isotropic 
materials tend to grow in mode I under both static and fatigue conditions and therefore 
K1 is the important stress intensity factor. 
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. Irwin42 pioneered the modelling of stress and strain fields near the tip of an elastic crack 
using the stress intensity factor, leading to the following general solutions for stress 
intensity factors for the three loading modes; 
Kt = lim ·t .fiiUa_v_v } 
,_o 9=0 
K11 = lim { J21U.a.'C_v } 
,_o e-o 
Eq.[9] 
K111 = lim { .fiitray: } ,_o 9=0 
If it is considered that the specific situation of a through crack in a large, uniformly 
loaded plate containing a center crack of length 2a, subjected to a stress cr, Figure 
1.1537, 
Figure 1.15- A large plate uniformly loaded by a stress at large distance from a through crack of 
length 2a 
the theoretical mode I stress intensity is, 
K1 = cr--Jna 
Where K1 has units stress x (length) 112 or MPa"J'm in SI units. 
Eq.[l 0] 
If this formula is used as the general basis for expressing stress intensity values then it 
can be modified for all combinations of specimen, loading geometry and specimen 
geometry as follows, 
Eq.[ll] 
Where a is the stress in the structure- force divided by uncracked area of the plate. 
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The value ofY may be determined from standard solutions such as those shown in 
Figure 1.16. The stress directly ahead of the crack tip and normal to the crack face in 
mode I loading, can be described as follows, 
Eq.[12] 
This equation indicates that the stress approaches infinity close to the crack tip. This 
cannot, of course, be valid and in the case of metals the material within a small zone 
near the crack tip yields, thus forming the plastic zone rp, within which equation [11] is 
not valid. 
Assuming a sufficiently large crack in a large structure (and plane strain conditions) the 
value ofK1 will continue to rise according to the general equation [9], until the crack 
becomes unstable and brittle fracture occurs. At this instant the value ofK1 is termed the 
plane strain fracture toughness of the material, denoted K1c 
Eq.[13] 
K1c is a material property which is constant for a given material. 
For high strength steels the values ofK1c are expected to lie in the range 30-150 MP..Jm. 
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Figure 1.16- Some standard solutions for component and notch geometry combinations37 
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1.3.2.2 The monotonic plastic zone 
The following equation relates the local stress at the crack tip cryy to the plastic zone 
size, r. Irwin43 noted that by re-arranging equation [ 12] and putting r = r P' we ·gain an 
approximation for the size of plastic zone, 
Eq.[l4] 
Maximum plastic zone size occurs when K1=K1c 
For plane stress Eq.[15] 
Equation [14] is valid only for plane stress situations where out of plane stress is zero. 
In plain strain the presence of the out-of-plane stress alters the yield envelope (von 
mises equivalent stress) and the yield stress increases to a value -.J3cry, the equation for 
r P becoming, 
For plane strain Eq.[16] 
These equations give information regarding the validity of small scale yielding during 
crack growth and fracture. 
LEFM is limited to the condition of small scale yielding at the crack tip which is 
generally accepted as the ratio R,<a/5044•45 , whilst Taylor and Knott46 estimate R,<a/10, 
which provides the restriction that applied stress should not exceed one third of yield 
stress. 
Alternatively Miller68 states the condition for the limit of applicability of LEFM as 
follows, 
.1.cr < 0.7crcy Eq.[17] 
Where crcy is the cyclic yield stress. 
1.3.3 Elastic Plastic Fracture Mechanics 
The validity of LEFM is limited to the condition of small scale yielding at the crack tip 
where the condition for small scale yielding in plane stress and plane strain has been 
defined by equations [ 15] and [16] respectively. 
Dowling47 developed the concept of the cyclic }-integral for representation of high strain 
fatigue growth whilst Rice48 developed the J-integral for monotonic characterization of 
the stresses at the crack tip in non-linear elastic material. 
The concept of LV is therefore not the elasto-plastic fracture mechanics (EPFM) 
equivalent of M< in LEFM as it cannot describe the conditions of the crack tip as ~K 
can. LV is an empirical parameter which describes the relationship between crack length, 
stress and strain. 
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.1J can be determined in terms ofK by the following equation, 
Where 
E' = E In plane stress 
E' = E/(l-v2 ) In plane strain 
In this way M can be integrated into the Paris power law for crack growth. 
1.3.4 The crack tip opening displacement 
Eq.[l8] 
Eq.[19] 
Eq.[20] 
M may be physically measured by observation of the crack tip opening displacement 81 
during a mono tonic tension test of a notched specimen, providing a relationship of the 
form, 
Eq.[21] 
A measure of critical J may also be determined by observing 81 at the onset of quasi-
static fracture. 
1.3.5 The plastic zone 
The plastic zone size rp is a further parameter which may be used in EPFM and has a 
relationship to .1J and Dr, 
RP = a( sec( ncr o/2 )0-1 ) Eq.[22] 
Where 0"0 is the cohesive stress of the material within the plastic zone. Also if applied 
stresses are below the general yield, 
8 = (8cr0 a/7tE') ln(l +rpla)) Eq.[23] 
Now crack growth rate may be determined using a number of available functions the 
simplest of which is applicable to strain hardening materials, 
Da/dN = r~Ep/(1 +2n) Eq.[24] 
Where n is the strain hardening exponent. 
A commonly used relationship to describe crack growth in combined elastic and plastic 
terms may be written, 
Eq.[25] 
Where the C' power term relates to the LEFM regime and the latter term the EPFM 
regime. The more usual expression of this relationship was presented in equation [ 4]. 
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1.4 Stable Fatigue Crack Growth in Metals 
According to Knott49 there are two problems when trying to develop a single model to 
describe crack propagation, 
1. Crack growth rates may vary with M<., depending upon the type of material 
2. For constant ~K values, crack growth rates may be sensitive to mean stress 
levels 
As previously discussed, section 1.2.2.2, a convenient way to describe fatigue data is the 
SIN curve each of which is specific to a given material or component in a given 
treatment condition and subjected to a defined set ofloading conditions. 
Mathematical approaches to fatigue crack growth characteristics are, however of 
significantly more use to the engineer, where factors such as stress concentration and 
loading conditions may be introduced into the fatigue design criteria of components by 
calculation. 
Referring to Figure 1.17, a schematic plot of da/dN versus Log M<., it is seen that there 
exist three regions of crack growth all pertaining to long cracks where the plastic zone at 
the crack tip is small in comparison to the crack. 
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Figure 1.17 - plot of crack growth rate da/dN as a function of stress intensity log Ak45 
In the central region of growth, regime B, it is seen that da/dN is stable and obeys a 
linear relationship with M<. from which the widely adopted Paris Law is derived50, 
da/dN = C(M<.)m Eq.[26] 
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Where C and m are constants which are influenced by the operating conditions applied 
to the specimen or component. m is in the range 2-4 for many metals. 
This simple law forms the basis for stable crack growth in many applications and within 
the limits of regime B of Figure 1.17 can be integrated between the limits of ~K, where 
~Kmin corresponds to crack length ao and ~Kmax to a crack length ar. 
The asymptotic growth of the crack beyond ar yields attainment of the critical value of 
K, Kc, within few load cycles and fast fracture occurs. At the opposite end of the curve, 
however, it is observed that the relationship with the Paris law breaks down and that a 
threshold for zero crack growth rate ~Kth is approached at a threshold crack length a1h-
this feature reveals a physical feature of the long crack regime which effectively retards 
crack growth, known as 'crack tip shielding'51 ' 52 • 
The dimension of a1h, i.e. the threshold crack length below which LEFM is not valid, 
may be approximately estimated by rearrangement of equation [ 13] and by setting ~K 
to the threshold value ~Kth and stress as the plain specimen fatigue limit CJ0 as, 53 
Eq.[27] 
1.4.1 Effects of crack closure 
At low ~K, below the threshold crack size a1h and before the da/dN=f(~K) 
relationship stabilizes, the effects of (or rather lack of) 'crack closure' are apparent-
that is the effective reduction of stress intensity range ~K due to contact between the 
crack faces during the unloading sequence of the cycle. In the stable crack growth 
regime B the crack has generated a stable plastic zone at its tip and on unloading the 
residual stress within the zone causes the crack surfaces to contact at a positive (tensile) 
value of far-field stress intensity. 
If it is assumed that the crack can only advance when the crack surfaces are separated 
then the range of stress intensity has been effectively reduced due to closure. 
~Keff = Kmax - Kop = U~K Eq.[28] 
Where Kop is the stress intensity at the instant the crack opens. Therefore the Paris Law 
may be modified to characterise crack growth in the near threshold region using LEFM, 
Eq.[29] 
Eq.[30] 
Closure may also be attributed to the topography of the crack surface, roughness 
induced closure, or to the presence of oxides between the crack surfaces, oxide induced 
closure. 
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Ebi and Neumann54 working in mild steels, state that 120~-tm is the minimum crack 
length for which closure is not observed (U=l). 
In order to model the whole of the sigmoidal da/dN curve of Figure 1.17 for Regimes A, 
B and C in martensitic steels lrving and McCartney5 derived the expression, 
da 
dN 
C(~K2)(~K2-~Km2) 
cr/(Kc2-K2) 
Which is valid throughout the ~K controlled (LEFM) long crack growth. 
1.4.2 The effect of mean stress on the ~K threshold value 
Eq.[31] 
Kaisland and Mowbray6 have shown the following expressions to be valid for 
determining the threshold stress intensity ~Kth at a given stress ratio, from the 
knowledge of the threshold at a stress ratio R=O, 
~Kth = ~Kth(R=ol(R) 
Where 
F(R) -= vf(l-R/l+R) 
F(R) -= (l-R/l+(RJ3)) 
For positive R 
For negative R 
1.5 The Importance of Small Cracks 
Eq.[32] 
Eq.[33] 
Eq.[34] 
The principles of fracture mechanics define the characteristics of a crack subjected to 
applied stresses and allows for the pn!diction offatigue life from knowledge of the 
applied stresses, geometry of defect (stress intensity range) and some material 
parameters. 
It is now well documented that this established relationship is not valid for cracks whose 
physical dimensions lie below certain values and that small cracks or 'short cracks' 
exhibit anomalous behaviour. 
The classifications applied to describe short cracks are summarized in Figure 1.18, from 
Tokaji and Ogawa57• 
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Figure 1.18- Classification of small fatigue crack and their characteristics57 
Microstructurally small cracks have a size comparable to a characteristic 
microstructural dimension, such as the grain size. 
Mechanically small cracks are cracks for which the plastic zone ahead of the tip is of the 
same order of size or even engulfs the crack. 
Physically small cracks are those for which LEFM may actually be applicable but which 
are of a size l-2mm. 
Kitigawa and Takahashi58 used the LEFM dependence of D.Kth and crack length a to 
plot the Kitigawa-Takahashi diagram, Figure 1.19, which shows the fatigue limit of the 
0.4C mild steel structure dependent upon the presence of a known crack length a. The 
right hand side of the plot shows the direct dependence of D.cro upon the LEFM fatigue 
strength through equation [11], setting K 1 to the threshold condition for crack non-
propagation Kth· 
Kitigawa and Takahashi recognised that for vanishingly small defects D.cr0 tends to the 
plain specimen fatigue limit- the horizontal line to the left of the diagram. 
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Figure 1.19- A Kitigawa Takahashi diagram for 0.4C mild steel66 
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The diagram clearly defines the areas of short cracks, EPFM cracks, fatigue limit and 
non-propagating cracks, which are central to this discussion. 
For a given stress amplitude the initial growth rate of a microstructurally short or 
physically small crack is higher than that of a long macrocrack59. The relationship 
between the growth characteristics of short and long cracks with varying ~K is 
summarised in Figure 1.2060. 
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Figure 1.20 - Schematic of short and long crack growth regimes60 
The solid sigmoidal curve clearly demonstrates the relationship between ~K and 
da/dN, which is linear for its central portion - stable crack growth - and accelerates 
asymptotically for high ~K. Below the stable growth region, as .1K decreases and 
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da/dN reduces asymptotically, it is observed that there exists a threshold value for ~K 
for which the crack ceases to grow, ~Kth· As this threshold is approached the LEFM 
description of long crack growth from a set of fixed material parameters begins to break 
down, fatigue lives may still be calculated in this region but only by the integration of a 
da/dN curve fitted by a number of individual straight lines61 . 
It is observed that, for small defects, cracks will initiate and grow at ~K levels well 
below this threshold and, further, that at the same ~K level as a long crack, a short 
crack will grow more rapidly- lack of similitude. Lankford 62 attributes the lack of a 
wake of plastic history in the small crack as the difference between long and short crack 
growth behaviour. In long cracks growth is retarded by the effective reduction of stress 
intensity at the crack tip due to plasticity induced closure, and a short crack can be 
modelled by the correction for closure of short crack growth rates. 
If the crack initiation life is considered as the combination of crack nucleation and 
propagation as in Figure 1.18 then 2Cc is equal to the value of a1h is the transition length 
of the crack into the LEFM regime, denoted by the knee of the K.itigawa Takahashi 
diagram of Figure 1.19. For high strength steels some experimental observations are 
made for this value, summarised in Table 1.5. 
Author 
Kujawski and Ellyin63 
Murtaza and Akid64 
Bhattacharya and 
Ellingwood65 
Definition of ath 
Grain diameter- 1 OOJ.lm 
Lacking definition 
Remarks 
Depending upon material 
and physica)scale of interest 
For BS250 A53 steel 
The portion of life 
comprising the crack 
initiation and growth phases 
Table 1.5 - Some definition of threshold crack length for hard steels 
Murtaza64 further observes that this corresponds to four grain diameters for the steel 
under observation and states that the transition is due to the overcoming of the major 
microstructural barrier, d, postulated by Miller68, as discussed in the following section. 
1.5.1 The effect of microstructure on small crack growth 
Tokaji and Ogawa57 performed studies ofmicrostructurally small crack growth in steels, 
aluminium and titanium and observed the effects of microstructural artefacts on growth 
characteristics at various stress ratios. 
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Figure 1.21 shows the results of one experiment at R =-1 in a quenched and tempered 
low alloy steel where the acceleration, deceleration and retardation of the crack front is 
clearly visible along with the tortuousity of crack path. 
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Figure 1.21 -Growth behaviour of microstructurally small cracks for fine and coarse grained low 
alloy steel (SCM435)57 
Miller67 states that early in its process the microstructurally short (stage I) crack will 
grow in the shear mode, will present a plastic zone of the same size order as the crack 
and will be heavily microstructure dependent. The crack will advance in stage I from the 
first grain into neighbouring grains and must overcome a succession of microstructural 
barriers of increasing strength. This is shown schematically as a fatigue limit contour 
plot in Figure 1.22. 
Miller indicates the increasing strength of successive barriers, A, B and C which in high 
strength steels typify barriers such as twin boundaries, martensite packets and grain 
boundaries respectively . 
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Figure 1.22 - Fatigue limit of polycrystalline metal expressed as a contour of zero crack growth 
rate68 
In fracture mechanics terms the microstructurally short crack can be modelled by the 
Microstructural Fracture Mechanics (MFM) equation, 
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da/dN = A~ycs(d-a) Eq.[35] 
Where A and 03 are material constants and ~y is the applied shear strain range. The 
parameter d is the characteristic distance between microstructural barriers and thus the 
expression implies that if the grain size is refined then the distance to the 
microstructural barrier is reduced and fatigue limit is increased. 
Should the fatigue limit be overcome then the crack will grow into the EPFM range of 
crack growth where the plastic zone size is of the same order as the crack length a, 
which may be O.lmm. Crack growth may be characterised as follows, 
Eq.[36] 
where C and n are material constants. 
Finally at the limit of the EPFM region LEFM can be applied to determine the rate of 
crack growth. 
Brown44 presents data at varying strain ranges for short crack growth rate in a carbon 
steel which clearly shows the transition from MFM to EPFM as a sharp knee at a 
common crack length of IOOJ.lm for all ranges. Therefore the transition length is a 
function of the material and is independent ofloading level. 
1.5.2 Non-propagating cracks and the fatigue limit 
Brown66 discusses the condition of non-propagation of a crack as a condition where the 
crack tip meets a barrier to growth which requires a higher driving force for propagation 
than the previous microstructure. In 0.4C steel at a strain range 0.3% cracks are 
observed to arrest at a length of99J.1m (corresponding to 21500 cycles) with the 
conclusion that the fatigue limit condition is controlled by the strongest barrier threshold 
value for transition from MFM to EPFM with a critical crack length of 100Jlm. 
As already discussed Miller67 concurs with this concept with the hypothesis that the 
crack must have sufficient driving force to overcome a number of microstructural 
barriers. These statements are validated by experimental observations of crack non-
propagation11-20 and this sets a new definition for the fatigue limit of a material. The 
fatigue limit can be defined as a condition of the non-propagating crack, which is 
determined by the strongest microstructural barrier. 
In metallic materials small cracks tend to nucleate at material defects, such as those 
detailed in section 2.1.2. These defects may be in the form of particles or voids, such as 
non-metallic inclusions, weak boundaries, pits or poor surface finish. 
Miller68 notes the presence of non-metallic inclusions in metals and proposes that these 
should be considered simply as a preliminary crack. He notes that if the size of the 
inclusion is of the same order as the grain structure then the Stage I to Stage 11 transition 
I 
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in torsion can be eliminated, see Figure 1.23, such that the major microstructural 
threshold at d is eliminated. 
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Figure 1.23 -{a)Threshold behaviour at microstructural barriers, (b)lnclusions in fatigue 
behaviour68 
In quenched and tempered high strength steels grain structure is characteristically in the 
range 20-50!-lm and typical hard spherical inclusion sizes can commonly be of order 
diameter 40!lm. Therefore the inclusion/grain size ratio will be approximately unity and, 
according to Miller, the microstructural threshold could be eliminated. 
Murakarni et at, in rotating bend tests of numerous steels, observe that the inclusion 
near a free surface nearly always acts as the source of initiation of the fatigue crack. 
Such cracks begin in stage I, mode II shear and progress to stage II tensile growth. 
Murakami further observes the presence of non-propagating cracks of length 1 0011m in 
high strength steel. 
It is observed by many researchers 18'30'3 1 '32 that the fatigue crack will nucleate at an 
early stage from a defect in a hard material and therefore that the non-propagating crack 
must represent the fatigue limit. 
In conclusion of the above and referring to Table 1.5 there exists a correlation between 
the transition, stage I - stage II, crack length and the existence of non-propagating 
cracks. It may be concluded that the condition for non-propagation is in overcoming the 
microstructural barrier to cross the threshold into long crack growth. 
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1.6 Fatigue of High Strength Materials Containing Inclusions 
The literature pertinent to fatigue in steels is numerous and some publications which 
relate specifically to spring steels, of various composition, are discussed. 
It is well known for low or medium strength steels that there exists a good correlation 
between the rotating bending or uniaxial fatigue limit of smooth specimens, and the 
ultimate tensile strength or the Vickers hardness, Hv. This relationship has been 
empirically expressed by the formula; 
O'wo = 1.6Hv ± 0.1 Hv (Hv < 400, HRc < 40) Eq.[37] 
Garwood et aF first noted, in 1950, that for high strength steels, H v > 400, equation [3 7] 
loses its accuracy, see Figure 1.3 page 8, and that fatigue test results exhibit a large 
scatter. 
This behaviour can be explained by the fact that high strength steels are sensitive to 
notches, which are present in the material in the form of small defects and inclusions. 
Furthermore it has been quantitatively shown71 '72 that, specifically, non-metallic 
inclusions are generally responsible for erratic fatigue behaviour. Saito and ltoh73 
showed that the fatigue limit of super-clean spring steels increased to the value 
predicted by equation [37] with increasing hardness, and that scatter of results was very 
small in comparison to conventional spring steels. However many spring components 
are typically manufactured from conventional high strength steels, which exhibit 
variable fatigue strengths. 
There are many factors concerning inclusions, such as shape, chemical composition, 
size, location and distribution, which may be relevant to fatigue performance, and 
despite various approaches from numerous researchers it has proven difficult to find a 
correlation with the fatigue characteristics. 
Some researchers have attempted to analyse the correlation between steel cleanliness 
and fatigue strength whilst others have adopted a fracture mechanics approach, 
assuming the inclusion to be the same shape as a spherical or ellipsoidal cavity. 
According to Murakami 11 the latter approach is inappropriate since " ...... inclusions or 
other small natural defects have various shapes and some are far from sphere or 
ellipsoid". Murakami also outlines an approach adopted by Mitchell 74•75 in which the 
notch effect of inclusions was evaluated using the conventional fatigue notch factor 
approach, stating that " .... the approach cannot be applied to small defects and inclusions 
because the approach is only a simple extrapolation from fatigue notch effect theory for 
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large notches, and the threshold condition of very small defects and non-metallic 
inclusions is not correctly considered". 
Although it is now widely understood that the scatter of fatigue characteristics in high 
strength materials can be attributed to the sensitivity to small defects, there is still much 
work to be done in the formulation of a generalistic model for the prediction of the 
fatigue characteristics of specimens or components of known microstructure and defect 
levels. This latter point is perhaps why it is so difficult to accurately predict fatigue 
characteristics, since the distribution of inclusion sizes and locations is very difficult to 
determine accurately. Several models have been proposed 12•13•74"76•77 for the statistical 
distribution of non-metallic inclusion's in steel, one such model is described in chapter 2 
and is used to predict the worst case of inclusion size and location in order to determine 
the lower limit of fatigue strength. 
The models reviewed and assessed in this thesis were developed to predict fatigue 
performance in two ways; 
1. By the prediction of maximum allowable stress levels for zero defects - i.e. 
fatigue limit 
2. By prediction of cycles to failure, Nr, at a given stress level - ie. fatigue strength 
or endurance 
In order to be of practical use to the engineer it is important that any fatigue prediction 
model must fulfil the following criteria; 
1. Be of a generalistic nature - i.e. not requiring explicit knowledge of individual 
alignment and shapes of initiating defects 
2. Must not require lengthy mechanical testing to determine intrinsic material 
constants 
3. Be easily computable 
4. Be representative to 3-D defects, notably non-metallic inclusions 
5. Be reasonably accurate, but conservative 
1.6.1 Models for fatigue limit prediction 
In their review paper Murakami & Endo14 trace the development of models for 
prediction of fatigue limit from the early beginnings up to 1993. They cite the earliest 
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attempts to model the fatigue limit condition, by Isibasi (1948) and Frost et a/ (1959). 
These workers are notable for the following reasons; 
• Frost assumed and realised the presence and importance of small inherent 
defects 
• Isibasi was an advocate of the consideration of fatigue limit from the 
viewpoint of crack propagation 
Murakami and Endo classify models developed since these beginnings into three 
categories: 
1) Frosts model and ot/rer similar models 
The empirical equation cr) I= C was proposed by Frost et a! to describe the relationship 
between fatigue limit crw and crack length /. This model has subsequently been modified 
by several other researchers, notably by; 
• Modification of the general form of the equation crw"l where the exponent, n, 
is dependent upon crack size, and, 
• by adopting alternative geometric parameters for description of the defect 
size, therefore allowing description of a three dimensional defect 
2) Approac/res based upon tire fatigue notc/r factor 
These models apply Petersons equation78, originally proposed for large notches, to small 
defects and non-metallic inclusion's. 
Kr"' 1+ ((Kt -1)/(1 + (An/p))) Eq.[38] 
Although being applicable to 3-dimensional defects these models rely heavily on an 
accurate description of defect geometry. Mitchell74 performed experiments on plain 
specimens with a drilled hole and, whilst obtaining excellent results when using 
accurate values of elastic strain concentration factor and tip radius of the defect, it was 
found that errors as large as 20% were the result of approximating the hole to a 
hemispherical pit, albeit being entirely conservative in nature. 
3) Fracture mec/ranics approaclres 
Fracture mechanics approaches as applied to small crack problems began with Kitigawa 
and Takahashi's study8 (1976). Kitigawa and Takahashi devised the Kitigawa Takahasi 
(K-T) diagram for expressing the effect of crack length on the threshold, expressed as 
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stress intensity range ~K1h, or stress range ~0"1h, for crack propagation in a given 
material. 
A K-T plot for 0.4% mild steel is shown in Figure 1.19, page 30, and a schematic plot in 
Figure 1.30. It should be noted how there exists a critical crack size C0 (alternatively 
expressed a1h) beyond which the threshold stress intensity factor range ~Kth decreases 
with increasing crack length. As the fatal defect size decreases then the threshold stress 
range ~Kth increases until as the defect approaches a size a1h, previously discussed in 
section 2.5, ~Kth approaches the plain specimen, or intrinsic, fatigue limit for the 
material. 
For high strength steels of yield strength up to 2000MPa the critical crack size 
a0~100Jlm. 
Models based on the fracture mechanics approach currently present the most promising 
methods of predicting fatigue performance, with applicability verified by experiments 
on several materials. 
Few of the models reviewed by Murakami and Endo fulfil the five criteria stated in 
section 1.6. Many represent a two dimensional situation, describing the effects of 
circumferential cracks or notches whilst others require lengthy fatigue testing to 
generate necessary parameters relevant to the material under consideration. 
Other models are indicated as being of relevance to fatigue limit at cracks but not 
inclusions. 
Murakarni and Endo conclude that only two models are directly applicable to the 
situation of fatigue limit in the presence of non-metallic inclusion's in high strength 
steels whilst fulfilling the stated criteria, 
I. Murakami et a!- the -.JArea Parameter Method 
2. Gustavsson and Melander fatigue limit prediction method 
1.6.1.1 The -.JArea Parameter Method 
Murakami et al have conducted experiments 11 , using specimens containing artificial 
small holes with diameters ranging from 40Jlm to 500Jlm, which have shown that 
fatigue limit increases with decreasing hole size until a critical size of hole is reached 
which has no effect on fatigue strength. 
One conclusion of these tests was that the relationship between fatigue strength and 
Vickers hardness breaks down when the source of fatigue initiation is identified as a 
non-metallic inclusion or other small defect. It was noted that for specimens which 
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failed by the intrinsic fatigue mechanism of the matrix, ie. by slip band formation, that 
equation [37] again becomes applicable. 
As the hole sizes were all very small in comparison with specimen size, and that 
geometry of all holes were very similar, it was assumed that the stress concentration for 
all hole sizes was equal. This yielded the conclusion that fatigue strength evaluation 
cannot be based solely on stress concentration at small defects. Furthermore many 
specimens, unbroken in testing, were observed to have small non-propagating cracks in 
existence around the hole. This observation implied that the problem of fatigue at 
defects in high strength steels is one of crack propagation, not initiation. 
Murakami postulates that an inclusion at the root of a crack must be a stress-free defect 
and, thus, that the belief hard inclusions are of more detriment to fatigue strength than 
soft inclusions is an erroneous one. The observed lack of softer MnS at fatigue fracture 
initiations is explained, by Murakami, by the fact that MnS inclusions are elongated by 
the hot-working manufacture of steel, therefore presenting an eventual smaller defect 
size than oxide inclusions. 
Following the above work, Murakami et a/ investigated the effects of the Vickers 
hardness of matrix and the geometry and size of surface defects on the fatigue limit. The 
experiments were conducted in 14 materials under rotating bending and uniaxial 
tension-compression and the following equations were empirically derived for the 
prediction of fatigue thresholds at surface defects and cracks. The geometric parameter 
..JArea was chosen from the standpoint that the effects of shapes and sizes of cracks on 
fatigue strength may be correlated with stress intensity factors, especially maximum 
stress intensity factor K/max, along a three dimensional crack front. Thus 11 •16•17, 
K1max = 0.65 cro ("-./n("'-'Area )) for a surface crack Eq.[39] 
Figure 1.24 shows experimental data 12 relating ~Kth to ..J Area for fourteen materials, of 
Vickers hardness ranging from 70 to 720 Hv. The following relationships can be 
observed; 
and therefore, since cro = ~crw = 2crw; 
crw oc 11("'-'Area) 116 
Eq.[40] 
Eq.[41] 
Where crw is the rotating bend fatigue limit for a specimen containing inclusions of a 
known size. 
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Figure 1.24- The relationship between LiKth and ..JArea for fourteen materials18 
This would indicate that if 'I/ Area~ 0, then O"w ~ oo, however in reality this is not 
true since for lower values of .J Area the intrinsic fatigue strength of the material 
(horizontal line of the K-T diagram becomes dominant) and equation [37] applies. 
Murakami noted how the fourteen lines of the ~Kth to ..JArea relationship Jay in the 
exact order ofVickers hardness of the materials. Hence by application of the least 
squares fit to the data, the following equation was derived; 
~Kth :=::: 3.3 x 10"3 (Hv + 120)(v'Areas)113 ; for a surface crack Eq.[42] 
(~Kth in MPa mv., for stress ratio R = -1, for surface defects and inclusions) 
Rewriting equation [42] using equation [39] the fatigue limit for surface defects and 
inclusions, O"w, in MPa is given by; 
Eq.[43] 
Where 'area,;', in Jlm, is the area of a surface crack, projected onto a plane perpendicular 
to the maximum tensile stress. 
Equation [ 43] allows the prediction of fatigue strength of a specimen which includes an 
inclusion ofmaximum size, denoted by projected area ..JArea,;, situated at the surface as 
shown in Figure 1.25(a). 
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The following equations predict fatigue limit of a specimen when the maximum size 
inclusion is situated, equation [44] at the subsurface- Figure 1.25(b), and equation [45] 
at the interior - Figure 1.25( c). 
Figure 1.25- The three general possibilities for inclusion situation 
crw ~ 1.41 (Hv + 120)/(..JArea55) 116 subsurface defect Eq.[44] 
crw ~ 1.56 (Hv + 120)/(..JAreai)116 interior defect Eq.[45] 
Inspection of equations [ 43-45] leads to the conclusion that the lowest fatigue strength, 
for a given size of inclusion ...fArea, is to be expected if that inclusion is situated at the 
subsurface (b) of the specimen, predicted by equation [ 44] due to the fact that in this 
situation the inclusion is effectively acting as a notch whose ...fArea includes the matrix 
material contained within the dotted lines to the surface. Therefore that the lower bound 
of fatigue strength for a large number of fatigue specimens is likely to be governed by 
inclusions at the subsurface. The work ofKurahari et at verifies this conclusion. 
It can also be deduced, by equating equation [ 44] to equation [37] that there exists a 
critical size of inclusion, '>/Area.,, below which the inclusion does not reduce the fatigue 
strength, ie. the fatigue limit approaches the 'ideal' value predicted by equation [37]. 
One of the best ways to investigate the effects of inclusions on fatigue strength is to 
prepare materials with control over the shape and size ofinclusions79• This has been 
achieved by some researchers, as described below, but has been reported to be very 
difficult. An alternative method, used by many researchers 11 . 13•15•19•79•80, is to analyse the 
fatal inclusion observed at the fatigue initiation, in rotating bend and uniaxial fatigue 
specimens of high strength steels. The position, shape, size and type of the inclusion can 
be determined from fractography. 
Murakami and colleagues and others have performed various studies of this nature and 
have compared the actual stress applied at the position of the inclusion to the predicted 
fatigue strength of the material. It is obvious that if a specimen is to fail then the applied 
stress cr' at the fatal inclusion should exceed the predicted fatigue strength of the 
material, crw, containing an inclusion of that size, therefore the quotient cr'lcrw should 
exceed unity. Figure 1.26 shows a good example of the results of such investigations 15, 
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the minimum value ofcr'lcrw found was 0.9, in a small number of instances, thus 
proving the prediction method to be sufficiently accurate for practical application, 
perhaps with the inclusion of a safety factor. 
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Figure 1.26- Comparison between the failure stress and the predicted fatigue strength for rotating 
bend tests15 
In 1963, Duckworth and Ineson71 conducted fatigue tests on En24 steel containing 
artificially introduced alurnina particles of various sizes and angular or spherical 
morphology. All fatigue tests were conducted, in rotating bend and uniaxial tension-
compression, and despite the use of a common nominal stress amplitude for all tests a 
large scatter in fatigue lives was observed. It was observed, in general, that there was no 
significant difference between the fatigue lives of specimens containing spherical or 
angular particles of equal nominal size, thus supporting the theory that the size of 
inclusions is the crucial factor in the prediction of fatigue strength. However, for 
specimens which failed due to high nominal stress at the fatal inclusion, it was found 
that failures from initiation at angular particles resulted in shorter lives than those at 
spherical inclusions. 
The data from the above experiments was further investigated by Murakami, Kawakarni 
and Duckworth15, by the application of the >I Area Parameter Model. They analysed each 
failure by fractography and predicted a local fatigue limit. From this it was shown that 
the quotient cr'lcrw (applied stress/predicted fatigue limit) was greater than unity for 
nearly all failed specimens, thus further verifying the validity of the model. The slightly 
lower fatigue lives of specimens containing angular particles was attributed to the 
probability that cracks nucleate earlier from angular inclusions than spherical inclusions, 
however, the overall fatigue limit is not affected since this condition is governed by the 
non-propagation of existing cracks. 
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From the above review of the work by Murakami et a!, it can be seen that for high 
strength steel containing inclusions, the fatigue performance of the steel will be 
impaired. It has been proposed that the fatigue strength can be predicted and that the 
size of the largest inclusion, described by -.JArea, is the relevant geometrical parameter. 
The prediction equations [ 43-45] have been propos~d and numerous experimental data 
have validated these with good accuracy. It has been shown, equation [45], that for 
equal defect size, the lowest fatigue performance can be expected for a specimen 
containing a subsurface inclusion. 
Therefore for high strength steels, and other high strength materials, the incidence of 
inclusions is detrimental to fatigue performance due to increased sensitivity to small 
notches. This results in a range of fatigue strength in which the upper bound represents 
the ideal situation where no inclusions are present, where equation [37] is applicable, 
and the lower bound is controlled by the worst case of a large inclusion situated at the 
subsurface of the component. The latter ignores the existence of any residual stresses or 
other surface effects, these will be discussed later. 
In order to predict the fatigue life of a specific component it is evidently necessary to 
have detailed knowledge of the size and distribution of non-metallic inclusions present. 
One solution would be to non-destructively assess each component and, from this, to set 
allowable working parameters for each, but this is unfeasible for two reasons. 
Firstly the resolution of current non-destructive testing equipment is too low to detect 
even the maximum size of inclusion generally found in commercial materials. Suresh 
states 300J.1m as the minimum crack size detectable by current technology which is an 
order of magnitude larger than the largest inclusions observed by Murakami and eo-
workers. 
Secondly the individual assessment of all parts is not an economically viable option for 
components in all but the most safety critical applications. 
The method proposed by Murakami et a/12-20, uses the statistics of extreme values81 to 
predict the size of maximum inclusion included in a given number of specimens, or 
components. Inclusion Rating by the Statistics of Extreme Values (IRMSE) relies on the 
statistical distribution of inclusion sizes being applicable to the statistics of extreme 
values and allows prediction of an expected maximum inclusion size in a large number 
of components from a small sample observation of polished microstructures. This 
method, although presented by Murakami for use in conjunction with the -.JArea 
Parameter Model, is a stand alone method for prediction of maximum expected 
inclusion size and is described in chapter 2. 
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1.6.1.1.1 Modifications to the VArea Parameter Model 
The previous literature has been concerned with the deterioration of the fatigue 
properties of high strength steels due to inclusions. However there are several other 
major factors which are commonly present in high strength steel components. 
Kurihara4 states that in order to fully consider the problems peculiar to springs, it is 
essential to determine the 'mutual interaction of the following five factors ' for the 
quantitative evaluation of the fatigue of shot peened material; 
• Existence of non-metallic inclusions 
• Hardness of microstructUre 
• Distribution of residual stress (mean stress) 
• Decarburised layer 
• Surface irregularity 
Kurihara prepared fatigue test specimens incorporating various combinations of these 
factors, for two spring steels, compositions and properties detailed in Table 1.6 and 
Table 1.7 respectively. The resulting quantitative analysis allowed prediction of not only 
upper and lower fatigue strength of the specimens but also a prediction of the position 
(depth) at which failure was likely to occur. Good correlation was observed between 
theoretical analysis and experimental results. 
Material c Si Mn p s Cr Cu V Nb 
SUP9 0.53 0.31 0.71 0.023 0.012 0.67 0.14 
SUP IOM 0.51 0.23 0.85 0.017 0.001 0.95 0.04 0.16 0.043 
Table 1.6- Chemical composition of steels 
Material 0.2% Yield Tensile Strength Elongation(%) Reduction of area 
strength (Mj!a} (M I! a} 
SUP9 1330 1440 11.2 36.3 
SUP IOM 1670 1750 10.7 39.0 
Table 1.7- Mechanical properties 
Kurihara analysed fatigue specimens by assessing the five factors as follows; 
Residual stress- A profile of residual stresses, present from machining and peening, 
was obtained using the X-ray diffraction method, gradually electropolishing the surface 
and taking measurements at intervals. It was found that residual stress became zero at a 
depth of 2011m, and the subsurface distribution of residual stress was taken to be linear 
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from the surface to this depth, since accuracy of subsurface measurements was reported 
to be reduced due to the effects of material removal. 
Local residual stresses were assumed to be equivalent to a local mean stress in this 
investigation and were subsequently superimposed on the local applied stress 
determined from the stress gradient. In accordance the lower bound prediction equations 
were modified, as documented by Murakami et al, to accommodate a situation where R 
:;t:-1. 
Inclusion content- Using the modified two dimensional IRMSE analysis a maximum 
probable inclusion size, included in the critical volume of the rotating bend geometry 
used, was determined for each material. 
Microstructural hardness - A typical hardness distribution was determined for each 
specimen geometry containing decarburisation. Surface hardness was found to be 
reduced, to a depth of approximately 125~-tm. A profile of predicted upper and lower 
bound fatigue strengths, obtained from equation [37] and the modified versions of 
equations [ 43-45] was now determined. Figure 1.27 shows examples of such profiles for 
(a) Decarburised -shot peened material SUP10M, (b) Shot peened material SUP 10M. 
Analysis of these plots show that for material containing surface decarburisation, (a), the 
critical region (where lower bound of fatigue strength crw1 is lowest) is the region to 
1 00~-tm depth, this can be stated since the upper and lower bounds of fatigue strength at 
the surface are both lower than the lower bound subsurface. Experimental failures 
support the validity of this prediction. 
These plots describe the fatigue limit as a profile from the specimen surface into its 
depth. The dotted curve denotes the upper bound of fatigue limit which is determined 
from equation [37] using the local microhardness value. The solid curve denotes the 
fatigue limit using the '>/Area Parameter Method with the local values of residual stress, 
hardness and predicted maximum inclusion size using the IRMSE method. 
As a comparison the plots show the location of inclusions which initiated cracks during 
testing (not all of which propagated to failure) and the stress gradient corresponding to 
each inclusion observed. 
Figure 1.27 (a) shows the result for a decarburised and shot peened specimen. It is seen 
that the fatigue limit for the material, both intrinsic and inclusion degraded, is locally 
highest at a surface depth of around 125~-tm. Near the surface the fatigue limit is very 
low, this is unacceptable since the stress gradient in bending yields maximum stresses at 
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Figure 1.27- Profiles of predicted fatigue strength and applied stress, (a) surface decarburised 
specimen (b) shot peened material4 
the surface. Thus at surface stress levels above around 575Mpa the fatigue limit is 
exceeded and it is observed that surface failures begin to occur. It is also shown that the 
deterioration of fatigue limit deep within the specimen is small in comparison to the 
surface deterioration, thus all failures occur at the surface. 
Shot peened material, (b), containing no decarburisation, is likely, according to the plot, 
to fail either at a position very close to the surface or from within the material, at a depth 
greater than 350Jlm. This can be stated since the lower bound of fatigue strength within 
the specimen becomes low in comparison to the lower bound at the surface, and the 
applied stress amplitude, at this depth. Therefore if a stress amplitude close to the lower 
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bound is applied either surface or internal (>350~m) failure can occur, dependent upon 
surface roughness, inclusion size and internal inclusion size. This prediction is shown to 
be realistic in experimentation with failures occurring both at the surface and at the 
interior. 
:?OO ._0 - - · . ·1-0-0 - - - -.,.2-UO:--- · ·- :H-JO ___ -~Oll 
Distance trom surtace (~m) 
Figure 1.28- The hardness distribution at the surface of decarburised steel fatigue specimens4 
For decarburised specimens tested in the study, all fatigue origins were at the surface. 
Figure 1.28 shows the hardness distribution near the surface of decarburised steel 
fatigue specimens. It was shown that the hardness of the decarburised layer did not alter 
significantly with shot peening and that the fatigue strength of decarburised-shot-peened 
specimens was not significantly less than that of shot-peened only. It was however noted 
that the former failures occurred near the upper bound of fatigue prediction whilst 
failures of the latter occurred near the lower bound. Kurahari et a/ have commented 
upon the surface irregularity introduced by shot peening and have assessed such features 
as being of slightly greater size, in their study, than the maximum predicted inclusion 
size. Thus decarburised-shot-peened specimens, which have a relatively soft surface 
layer, proved to be less susceptible to surface roughness, whilst the converse was found 
to be true for the un-decarburised shot-peened specimens. 
In the literature7 the results reported do not provide conclusive evidence regarding 
significant benefits of ensuring zero decarburisation prior to shot peening. In this study4 
it is predicted that the upper and lower bound fatigue limit for shot peened specimens is 
higher than for the decarburised-shot peened specimens by around 20%. However, in 
testing, a performance increase of only around 9% was realised. It is not entirely clear 
whether the effects of decarburisation are beneficial, detrimental, or not generally 
significant when shot-peened. The authors do not state whether the results of 
fractography confirm, or otherwise, the theory of crack initiation at shot peening surface 
features. 
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1.6.1.2 Gustavsson and Melanders fatigue limit prediction model 
An alternative model for fatigue limit prediction of hardened steels is proposed by 
Gustavsson and Melander82. 
Based on the fracture mechanics approach, this model takes account of elasto-plastic 
crack closure, and addresses the importance of defects and non-metallic inclusions in 
fatigue of hard materials. Fatigue limit prediction is based upon the presence of 
inclusions modelled as spherical "voids" with annular cracks, see Figure 1.29. The 
growth behaviour of cracks initiating at these voids is determined in terms of the 
effective stress intensity range and the corresponding effective threshold for crack 
propagation. Therefore, in common with the .V Area Parameter Method, Gustavsson and 
Melanders model bases fatigue limit determination upon the arrest of an existing crack. 
z 
Figure 1.29 -Inclusion modeUed as a spherical "void" of radius R with annular crack of length a85 
In addition the model provides a method of determining a critical pore ("void") size, 
denoted R *, for which the plain specimen, or ideal, fatigue limit of the matrix is not 
affected. As with the .V Area Parameter Model this model extrapolates the relationship; 
cr0 =1.6Hv ± O.lHv (equation [37], page 35) 
which represents the intrinsic fatigue limit of low and medium strength steels and the 
fatigue limit for a high strength material with zero defects or inclusions. 
1.6.1.2.1 Crack arrest at pores 
It is now established that the growth conditions for small and long cracks in metals are 
different, the non-propagation of long cracks being governed by the long crack effective 
threshold whilst short crack behaviour is strongly related to the plain specimen fatigue 
limit. 
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1.6 Fatigue of High Strength Materials Containing Inclusions 
The literature pertinent to fatigue in steels is numerous and some publications which 
relate specifically to spring steels, of various composition, are discussed. 
It is well known for low or medium strength steels that there exists a good correlation 
between the rotating bending or uniaxial fatigue limit of smooth specimens, and the 
ultimate tensile strength or the Vickers hardness, Hv. This relationship has been 
empirically expressed by the formula; 
crwo = 1.6Hv ± O.lHv (Hv < 400, HR.c < 40) Eq.[37] 
Garwood et af first noted, in 1950, that for high strength steels, Hv > 400, equation [37] 
loses its accuracy, see Figure 1.3 page 8, and that fatigue test results exhibit a large 
scatter. 
This behaviour can be explained by the fact that high strength steels are sensitive to 
notches, which are present in the material in the form of small defects and inclusions. 
Furthermore it has been quantitatively shown71 '72 that, specifically, non-metallic 
inclusions are generally responsible for erratic fatigue behaviour. Saito and Itoh73 
showed that the fatigue limit of super-clean spring steels increased to the value 
predicted by equation [37] with increasing hardness, and that scatter of results was very 
small in comparison to conventional spring steels. However many spring components 
are typically manufactured from conventional high strength steels, which exhibit 
variable fatigue strengths. 
There are many factors concerning inclusions, such as shape, chemical composition, 
size, location and distribution, which may be relevant to fatigue performance, and 
despite various approaches from numerous researchers it has proven difficult to find a 
correlation with the fatigue characteristics. 
Some researchers have attempted to analyse the correlation between steel cleanliness 
and fatigue strength whilst others have adopted a fracture mechanics approach, 
assuming the inclusion to be the same shape as a spherical or ellipsoidal cavity. 
According to Murakami 11 the latter approach is inappropriate since " ..... .inclusions or 
other small natural defects have various shapes and some are far from sphere or 
ellipsoid". Murakami also outlines an approach adopted by Mitchell 74•75 in which the 
notch effect of inclusions was evaluated using the conventional fatigue notch factor 
approach, stating that " .... the approach cannot be applied to small defects and inclusions 
because the approach is only a simple extrapolation from fatigue notch effect theory for 
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large notches, and the threshold condition of very small defects and non-metallic 
inclusions is not correctly considered". 
Although it is now widely understood that the scatter of fatigue characteristics in high 
strength materials can be attributed to the sensitivity to small defects, there is still much 
work to be done in the formulation of a generalistic model for the prediction of the 
fatigue characteristics of specimens or components of known microstructure and defect 
levels. This latter point is perhaps why it is so difficult to accurately predict fatigue 
characteristics, since the distribution of inclusion sizes and locations is very difficult to 
determine accurately. Several models have been proposed 12•13•74' 76•77 for the statistical 
distribution of non-metallic inclusion's in steel, one such model is described in chapter 2 
and is used to predict the worst case of inclusion size and location in order to determine 
the lower limit of fatigue strength. 
The models reviewed and assessed in this thesis were developed to predict fatigue 
performance in two ways; 
I. By the prediction of maximum allowable stress levels for zero defects - i.e. 
fatigue limit 
2. By prediction of cycles to failure, Nr, at a given stress level- ie. fatigue strength 
or endurance 
In order to be of practical use to the engineer it is important that any fatigue prediction 
model must fulfil the following criteria; 
I. Be of a generalistic nature - i.e. not requiring explicit knowledge of individual 
alignment and shapes of initiating defects 
2. Must not require lengthy mechanical testing to determine intrinsic material 
constants 
3. Be easily computable 
4. Be representative to 3-D defects, notably non-metallic inclusions 
5. Be reasonably accurate, but conservative 
1.6.1 Models for fatigue limit prediction 
In their review paper Murakami & Endo14 trace the development of models for 
prediction of fatigue limit from the early beginnings up to 1993. They cite the earliest 
36 
attempts to model the fatigue limit condition, by Isibasi ( 1948) and Frost et at ( 1959). 
These workers are notable for the following reasons; 
• Frost assumed and realised the presence and importance of small inherent 
defects 
• Isibasi was an advocate of the consideration of fatigue limit from the 
viewpoint of crack propagation 
Murakami and Endo classify models developed since these beginnings into three 
categories: 
1) Frosts model and other similar models 
The empirical equation crw3l = C was proposed by Frost et al to describe the relationship 
between fatigue limit crw and crack length /. This model has subsequently been modified 
by several other researchers, notably by; 
• Modification of the general form of the equation crwnz where the exponent, n, 
is dependent upon crack size, and, 
• by adopting alternative geometric parameters for description of the defect 
size, therefore allowing description of a three dimensional defect 
2) Approaches based upon the fatigue notclr factor 
These models apply Petersons equation78, originally proposed for large notches, to small 
defects and non-metallic inclusion's. 
Kr"' 1+ ((Kt-1)/(1 + (An/p))) Eq.[38] 
Although being applicable to 3-dimensional defects these models rely heavily on an 
accurate description of defect geometry. Mitchell74 performed experiments on plain 
specimens with a drilled hole and, whilst obtaining excellent results when using 
accurate values of elastic strain concentration factor and tip radius of the defect, it was 
found that errors as large as 20% were the result of approximating the hole to a 
hemispherical pit, albeit being entirely conservative in nature. 
3) Fracture mechanics approaches 
Fracture mechanics approaches as applied to small crack problems began with Kitigawa 
and Takahashi's study8 (1976). Kitigawa and Takahashi devised the Kitigawa Takahasi 
(K-T) diagram for expressing the effect of crack length on the threshold, expressed as 
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stress intensity range ~K1h, or stress range ~cr1h, for crack propagation in a given 
material. 
A K-T plot for 0.4% mild steel is shown in Figure 1.19, page 30, and a schematic plot in 
Figure 1.30. It should be noted how there exists a critical crack size C0 (alternatively 
expressed a1h) beyond which the threshold stress intensity factor range ~Kth decreases 
with increasing crack length. As the fatal defect size decreases then the threshold stress 
range ~Kth increases until as the defect approaches a size a1h, previously discussed in 
section 2.5, ~Kth approaches the plain specimen, or intrinsic, fatigue limit for the 
material. 
For high strength steels of yield strength up to 2000MPa the critical crack size 
aa:::::IOO).lm. 
Models based on the fracture mechanics approach currently present the most promising 
methods of predicting fatigue performance, with applicability verified by experiments 
on several materials. 
Few of the models reviewed by Murakami and Endo fulfil the five criteria stated in 
section 1.6. Many represent a two dimensional situation, describing the effects of 
circumferential cracks or notches whilst others require lengthy fatigue testing to 
generate necessary parameters relevant to the material under consideration. 
Other models are indicated as being of relevance to fatigue limit at cracks but not 
inclusions. 
Murakami and Endo conclude that only two models are directly applicable to the 
situation of fatigue limit in the presence of non-metallic inclusion's in high strength 
steels whilst fulfilling the stated criteria, 
I. Murakami et al- the .V Area Parameter Method 
2. Gustavsson and Melander fatigue limit prediction method 
1.6.1.1 The .VArea Parameter Method 
Murakami et al have conducted experiments 11 , using specimens containing artificial 
small holes with diameters ranging from 40).lm to 500).lm, which have shown that 
fatigue limit increases with decreasing hole size until a critical size of hole is reached 
which has no effect on fatigue strength. 
One conclusion of these tests was that the relationship between fatigue strength and 
Vickers hardness breaks down when the source of fatigue initiation is identified as a 
non-metallic inclusion or other small defect. It was noted that for specimens which 
38 
failed by the intrinsic fatigue mechanism of the matrix, ie. by slip band formation, that 
equation (37] again becomes applicable. 
As the hole sizes were all very small in comparison with specimen size, and that 
geometry of all holes were very similar, it was assumed that the stress concentration for 
all hole sizes was equal. This yielded the conclusion that fatigue strength evaluation 
cannot be based solely on stress concentration at small defects. Furthermore many 
specimens, unbroken in testing, were observed to have small non-propagating cracks in 
existence around the hole. This observation implied that the problem of fatigue at 
defects in high strength steels is one of crack propagation, not initiation. 
Murakami postulates that an inclusion at the root of a crack must be a stress-free defect 
and, thus, that the belief hard inclusions are of more detriment to fatigue strength than 
soft inclusions is an erroneous one. The observed lack of softer MnS at fatigue fracture 
initiations is explained, by Murakami, by the fact that MnS inclusions are elongated by 
the hot-working manufacture of steel, therefore presenting an eventual smaller defect 
size than oxide inclusions. 
Following the above work, Murakami et a/ investigated the effects of the Vickers 
hardness of matrix and the geometry and size of surface defects on the fatigue limit. The 
experiments were conducted in 14 materials under rotating bending and uniaxial 
tension-compression and the following equations were empirically derived for the 
prediction of fatigue thresholds at surface defects and cracks. The geometric parameter 
V Area was chosen from the standpoint that the effects of shapes and sizes of cracks on 
fatigue strength may be correlated with stress intensity factors, especially maximum 
stress intensity factor K1max, along a three dimensional crack front. Thus 11 •16•17, 
K/max = 0.65 cro (""n("'./Area )) for a surface crack Eq.[39] 
Figure 1.24 shows experimental data12 relating LlK
1
h to V Area for fourteen materials, of 
Vickers hardness ranging from 70 to 720 Hv. The following relationships can be 
observed; 
and therefore, since cro = Llcrw = 2crw; 
crw oc l/("'./Area) 116 
Eq.(40] 
Eq.(41] 
Where crw is the rotating bend fatigue limit for a specimen containing inclusions of a 
known size. 
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Figure 1.24- The relationship between dKth and ..JArea for fourteen materials18 
This would indicate that if-../Area ~ 0, then crw ~ oo, however in reality this is not 
true since for lower values of-../Area the intrinsic fatigue strength of the material 
(horizontal line ofthe K-T diagram becomes dominant) and equation [37] applies. 
Murakami noted how the fourteen lines of the .1.K1h to -../Area relationship lay in the 
exact order ofVickers hardness of the materials. Hence by application of the least 
squares fit to the data, the following equation was derived; 
.1.K1h R; 3.3 x 10-3 (Hv + 120)(-JArea5) 113 ; for a surface crack Eq.[42] 
(.1.K1h in MPa m\ for stress ratio R = -1, for surface defects and inclusions) 
Rewriting equation [ 42] using equation [39] the fatigue limit for surface defects and 
inclusions, crw, in MPa is given by; 
Eq.[43] 
Where 'areas', in Jlm, is the area of a surface crack, projected onto a plane perpendicular 
to the maximum tensile stress. 
Equation [ 43] allows the prediction of fatigue strength of a specimen which includes an 
inclusion of maximum size, denoted by projected area -../Areas, situated at the surface as 
shown in Figure 1.25(a). 
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The following equations predict fatigue limit of a specimen when the maximum size 
inclusion is situated, equation [44] at the subsurface- Figure 1.25(b), and equation [45] 
at the interior - Figure 1.25( c). 
Figure 1.25 -The three general possibilities for inclusion situation 
crw~ 1.41 (Hv+120)/(--JAreass) 116 subsurfacedefect Eq.[44] 
crw ~ 1.56 (Hv + 120)/(--JAreai)116 interior defect Eq.[45] 
Inspection of equations [ 43-45] leads to the conclusion that the lowest fatigue strength, 
for a given size of inclusion -./Area, is to be expected if that inclusion is situated at the 
subsurface (b) of the specimen, predicted by equation [ 44] due to the fact that in this 
situation the inclusion is effectively acting as a notch whose -./Area includes the matrix 
material contained within the dotted lines to the surface. Therefore that the lower bound 
of fatigue strength for a large number of fatigue specimens is likely to be governed by 
inclusions at the subsurface. The work ofKurahari et at verifies this conclusion. 
It can also be deduced, by equating equation [ 44] to equation [3 7] that there exists a 
critical size of inclusion, -./Areac, below which the inclusion does not reduce the fatigue 
strength, ie. the fatigue limit approaches the 'ideal' value predicted by equation [37]. 
One of the best ways to investigate the effects of inclusions on fatigue strength is to 
prepare materials with control over the shape and size ofinclusions79. This has been 
achieved by some researchers, as described below, but has been reported to be very 
difficult. An alternative method, used by many researchers11-1 3•15•19•79•80, is to analyse the 
fatal inclusion observed at the fatigue initiation, in rotating bend and uniaxial fatigue 
specimens of high strength steels. The position, shape, size and type of the inclusion can 
be determined from fractography. 
Murakami and colleagues and others have performed various studies of this nature and 
have compared the actual stress applied at the position of the inclusion to the predicted 
fatigue strength of the material. It is obvious that if a specimen is to fail then the applied 
stress cr' at the fatal inclusion should exceed the predicted fatigue strength of the 
material, crw, containing an inclusion of that size, therefore the quotient cr'lcrw should 
exceed unity. Figure 1.26 shows a good example of the results of such investigations15, 
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the minimum value of cr'lcrw found was 0.9, in a small number of instances, thus 
proving the prediction method to be sufficiently accurate for practical application, 
perhaps with the inclusion of a safety factor. 
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Figure 1.26- Comparison between the failure stress and the predicted fatigue strength for rotating 
bend tests15 
In 1963, Duckworth and Ineson71 conducted fatigue tests on En24 steel containing 
artificially introduced alumina particles of various sizes and angular or spherical 
morphology. All fatigue tests were conducted, in rotating bend and uniaxial tension-
compression, and despite the use of a common nominal stress amplitude for all tests a 
large scatter in fatigue lives was observed. It was observed, in general, that there was no 
significant difference between the fatigue lives of specimens containing spherical or 
angular particles of equal nominal size, thus supporting the theory that the size of 
inclusions is the crucial factor in the prediction of fatigue strength. However, for 
specimens which failed due to high nominal stress at the fatal inclusion, it was found 
that failures from initiation at angular particles resulted in shorter lives than those at 
spherical inclusions. 
The data from the above experiments was further investigated by Murakami, Kawakami 
and Duckworth 15, by the application of the -./Area Parameter Model. They analysed each 
failure by fractography and predicted a local fatigue limit. From this it was shown that 
the quotient cr'/crw (applied stress/predicted fatigue limit) was greater than unity for 
nearly all failed specimens, thus further verifying the validity of the model. The slightly 
lower fatigue lives of specimens containing angular particles was attributed to the 
probability that cracks nucleate earlier from angular inclusions than spherical inclusions, 
however, the overall fatigue limit is not affected since this condition is governed by the 
non-propagation of existing cracks. 
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From the above review of the work by Murakami et al. it can be seen that for high 
strength steel containing inclusions, the fatigue performance of the steel will be 
impaired. It has been proposed that the fatigue strength can be predicted and that the 
size of the largest inclusion, described by ...JArea, is the relevant geometrical parameter. 
The prediction equations [ 43-45] have been proposed and numerous experimental data 
have validated these with good accuracy. It has been shown, equation [45], that for 
equal defect size, the lowest fatigue performance can be expected for a specimen 
containing a subsurface inclusion. 
Therefore for high strength steels, and other high strength materials, the incidence of 
inclusions is detrimental to fatigue performance due to increased sensitivity to small 
notches. This results in a range of fatigue strength in which the upper bound represents 
the ideal situation where no inclusions are present, where equation [37] is applicable, 
and the lower bound is controlled by the worst case of a large inclusion situated at the 
subsurface of the component. The latter ignores the existence of any residual stresses or 
other surface effects, these will be discussed later. 
In order to predict the fatigue life of a specific component it is evidently necessary to 
have detailed knowledge of the size and distribution of non-metallic inclusions present. 
One solution would be to non-destructively assess each component and, from this, to set 
allowable working parameters for each, but this is unfeasible for two reasons. 
Firstly the resolution of current non-destructive testing equipment is too low to detect 
even the maximum size of inclusion generally found in commercial materials. Suresh 
states 300!-lm as the minimum crack size detectable by current technology which is an 
order of magnitude larger than the largest inclusions observed by Murakami and eo-
workers. 
Secondly the individual assessment of all parts is not an economically viable option for 
components in all but the most safety critical applications. 
The method proposed by Murakami et a/12.20, uses the statistics of extreme values81 to 
predict the size of maximum inclusion included in a given number of specimens, or 
components. Inclusion Rating by the Statistics of Extreme Values (IRMSE) relies on the 
statistical distribution of inclusion sizes being applicable to the statistics of extreme 
values and allows prediction of an expected maximum inclusion size in a large number 
of components from a small sample observation of polished microstructures. This 
method, although presented by Murakami for use in conjunction with the ...JArea 
Parameter Model, is a stand alone method for prediction of maximum expected 
inclusion size and is described in chapter 2. 
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1.6.1.1.1 Modifications to the V Area Parameter Model 
The previous literature has been concerned with the deterioration of the fatigue 
properties of high strength steels due to inclusions. However there are several other 
major factors which are commonly present in high strength steel components. 
Kurihara4 states that in order to fully consider the problems peculiar to springs, it is 
essential to determine the 'mutual interaction of the following five factors ' for the 
quantitative evaluation of the fatigue of shot peened material; 
• Existence of non-metallic inclusions 
• Hardness of microstructure 
• Distribution of residual stress (mean stress) 
• Decarburised layer 
• Surface irregularity 
Kurihara prepared fatigue test specimens incorporating various combinations of these 
factors, for two spring steels, compositions and properties detailed in Table 1.6 and 
Table I. 7 respectively. The resulting quantitative analysis allowed prediction of not only 
upper and lower fatigue strength of the specimens but also a prediction of the position 
(depth) at which failure was likely to occur. Good correlation was observed between 
theoretical analysis and experimental results. 
Material c Si Mn p s Cr Cu V Nb 
SUP9 0.53 0.31 0.71 0.023 0.012 0.67 0.14 
SUP 10M 0.51 0.23 0.85 0.017 0.001 0.95 0.04 0.16 0.043 
Table 1.6 - Chemical composition of steels 
Material 0.2% Yield Tensile Strength Elongation(%) Reduction of area 
strength (M(!a} (M(!a} . 
SUP9 1330 1440 11.2 36.3 
SUP 10M 1670 1750 10.7 39.0 
Table 1. 7 - Mechanical properties 
Kurihara analysed fatigue specimens by assessing the five factors as follows; 
Residual stress- A profile of residual stresses, present from machining and peening, 
was obtained using the X-ray diffraction method, gradually electropolishing the surface 
and taking measurements at intervals. It was found that residual stress became zero at a 
depth of20J.lm, and the subsurface distribution of residual stress was taken to be linear 
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from the surface to this depth, since accuracy of subsurface measurements was reported 
to be reduced due to the effects of material removal. 
Local residual stresses were assumed to be equivalent to a local mean stress in this 
investigation and were subsequently superimposed on the local applied stress 
determined from the stress gradient. In accordance the lower bound prediction equations 
were modified, as documented by Murakami et a!, to accommodate a situation where R 
7:-l. 
Inclusion content- Using the modified two dimensional IRMSE analysis a maximum 
probable inclusion size, included in the critical volume of the rotating bend geometry 
used, was determined for each material. 
Microstructural hardness - A typical hardness distribution was determined for each 
specimen geometry containing decarburisation. Surface hardness was found to be 
reduced, to a depth of approximately 1251.lm. A profile of predicted upper and lower 
bound fatigue strengths, obtained from equation [37] and the modified versions of 
equations [ 43-45] was now determined. Figure 1.27 shows examples of such profiles for 
(a) Decarburised -shot peened material SUPlOM, (b) Shot peened material SUP lOM. 
Analysis of these plots show that for material containing surface decarburisation, (a), the 
critical region (where lower bound of fatigue strength crw1 is lowest) is the region to 
1 001.1m depth, this can be stated since the upper and lower bounds of fatigue strength at 
the surface are both lower than the lower bound subsurface. Experimental failures 
support the validity of this prediction. 
These plots describe the fatigue limit as a profile from the specimen surface into its 
depth. The dotted curve denotes the upper bound of fatigue limit which is determined 
from equation [37] using the local microhardness value. The solid curve denotes the 
fatigue limit using the ..JArea Parameter Method with the local values of residual stress, 
hardness and predicted maximum inclusion size using the IRMSE method. 
As a comparison the plots show the location of inclusions which initiated cracks during 
testing (not all of which propagated to failure) and the stress gradient corresponding to 
each inclusion observed. 
Figure 1.27 (a) shows the result for a decarburised and shot peened specimen. It is seen 
that the fatigue limit for the material, both intrinsic and inclusion degraded, is locally 
highest at a surface depth of around 1251.lm. Near the surface the fatigue limit is very 
low, this is unacceptable since the stress gradient in bending yields maximum stresses at 
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Figure 1.27- Profiles of predicted fatigue strength and applied stress, (a) surface decarburised 
specimen (b) shot peened material4 
the surface. Thus at surface stress levels above around 575Mpa the fatigue limit is 
exceeded and it is observed that surface failures begin to occur. It is also shown that the 
deterioration of fatigue limit deep within the specimen is small in comparison to the 
surface deterioration, thus all failures occur at the surface. 
Shot peened material, (b), containing no decarburisation, is likely, according to the plot, 
to fail either at a position very close to the surface or from within the material, at a depth 
greater than 350Jlm. This can be stated since the lower bound of fatigue strength within 
the specimen becomes low in comparison to the lower bound at the surface, and the 
applied stress amplitude, at this depth. Therefore if a stress amplitude close to the lower 
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bound is applied either surface or internal (>350~J.rn) failure can occur, dependent upon 
surface roughness, inclusion size and internal inclusion size. This prediction is shown to 
be realistic in experimentation with failures occurring both at the surface and at the 
interior. 
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Figure 1.28- The hardness distribution at the surface of decarburised steel fatigue specimens4 
For decarburised specimens tested in the study, all fatigue origins were at the surface. 
Figure 1.28 shows the hardness distribution near the surface of decarburised steel 
fatigue specimens. It was shown that the hardness of the decarburised layer did not alter 
significantly with shot peening and that the fatigue strength of decarburised-shot-peened 
specimens was not significantly less than that of shot-peened only. It was however noted 
that the former failures occurred near the upper bound of fatigue prediction whilst 
failures of the latter occurred near the lower bound. Kurahari et al have commented 
upon the surface irregularity introduced by shot peening and have assessed such features 
as being of slightly greater size, in their study, than the maximum predicted inclusion 
size. Thus decarburised-shot-peened specimens, which have a relatively soft surface 
layer, proved to be less susceptible to surface roughness, whilst the converse was found 
to be true for the un-decarburised shot-peened specimens. 
In the literature7 the results reported do not provide conclusive evidence regarding 
significant benefits of ensuring zero decarburisation prior to shot peening. In this study4 
it is predicted that the upper and lower bound fatigue limit for shot peened specimens is 
higher than for the decarburised-shot peened specimens by around 20%. However, in 
testing, a performance increase of only around 9% was realised. It is not entirely clear 
whether the effects of decarburisation are beneficial, detrimental, or not generally 
significant when shot-peened. The authors do not state whether the results of 
fractography confirm, or otherwise, the theory of crack initiation at shot peening surface 
features. 
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1.6.1.2 Gustavsson and Melanders fatigue limit prediction model 
An alternative model for fatigue limit prediction of hardened steels is proposed by 
Gustavsson and Melander82 . 
Based on the fracture mechanics approach, this model takes account of elasto-plastic 
crack closure, and addresses the importance of defects and non-metallic inclusions in 
fatigue of hard materials. Fatigue limit prediction is based upon the presence of 
inclusions modelled as spherical "voids" with annular cracks, see Figure 1.29. The 
growth behaviour of cracks initiating at these voids is determined in terms of the 
effective stress intensity range and the corresponding effective threshold for crack 
propagation. Therefore, in common with the --JArea Parameter Method, Gustavsson and 
Melanders model bases fatigue limit determination upon the arrest of an existing crack. 
z 
Figure 1.29 -Inclusion modelled as a spherical "void" of radius R with annular crack of length a85 
In addition the model provides a method of determining a critical pore (''void") size, 
denoted R*, for which the plain specimen, or ideal, fatigue limit of the matrix is not 
affected. As with the --JArea Parameter Model this model extrapolates the relationship; 
cr0=1.6Hv ± O.lHv (equation [37], page 35) 
which represents the intrinsic fatigue limit of low and medium strength steels and the 
fatigue limit for a high strength material with zero defects or inclusions. 
1.6.1.2.1 Crack arrest at pores 
It is now established that the growth conditions for small and long cracks in metals are 
different, the non-propagation of long cracks being governed by the long crack effective 
threshold whilst short crack behaviour is strongly related to the plain specimen fatigue 
limit. 
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Figure 1.30- A Scliematic of the Kitigawa-Takahashi Diagram85 
Figure 1.30 is a schematic representation of the Kitigawa Takahashi diagram. The 
sloping line at the right of the diagram describes the threshold stress for non-
propagation of a crack of increasing length, ~cr=~crth· The horizontal line at the left 
represents the material fatigue limit (for defect free material) where ~cr=~cr0. The 
intersection between the two lines reveals the transition between short and long crack 
behaviour, at transition crack length C0 • 
Long cracks are considered to advance only when fully open, allowing for closure 
effects, and the corresponding fraction of the applied stress range, ~cr. is termed the 
effective stress range ~crefT· The ratio of effective stress range to applied (nominal) 
stress range is called the stress range ratio U, where U= ~crefT I ~cr. 
Gustavsson and Melander, in their study, have chosen to first model a penny shaped 
crack of radius c in an infinite solid subjected to uniform uniaxial stress, oriented 
perpendicular to the crack surface. At the transition between long and short crack 
behaviour this yields, 
7r ( M 0 ) 
2 
Co = 4Uz I!J.ao Eq.[46] 
The value of ~cr0 can be approximated using equation [37] whilst M 0 is in the range 
2-4MPa my, for hardened steels, decreasing as hardness reduces. 
1.6.1.2.2 Description of annular crack in terms of an equivalent penny-shaped 
crack 
The penny shaped crack length is now compared to the annular crack where c=R+a, 
where a is the length of the short annular crack surrounding a pore of radius R, whilst 
a=a!R. This yields the following solution for the effective stressing intensity at the 
annular crack, 
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Eq.[47] 
Where, 
2 1 ~a+2{0.21875 (a+l) 2 +2 } F(a) = 1 -va -- ( ) +0.28125 ( )4 + 1 vtr a+l a+l a+l 
Now, a 0 =aJR, and therefore the transition crack length ao is dependent upon R, the 
pore radius (or inclusion size), as well as the matrix material. At the transition point 
(~cro=~crth); 
Eq.[48] 
For annular cracks with R<c0 the transition crack length ao can be described in terms of 
eo. 
Eq.[49] 
Gustavsson and Melander suggest a 0 to be a typical length of a crack which has 
expanded until arrest at a major microstructural barrier controlling the fatigue limit. 
Such a barrier could, in a hardened steel, be a prior austenite grain boundary or 
martensite packet, and f3 should thus reflect the distance between such obstacles. A 
study of hardened spring steei83 showed {FO. 7 to be a suitable value and corresponding 
crack length ao was found to be close to half of the prior austenite grain size. 
Gustavsson and Melander, for reasons unspecified, chose to use {F0.5 for their study. 
Having defined ao in terms of C0 it is now possible, using equation [ 48], to derive an 
expression which can be used to describeR*, below which the fatigue behaviour of the 
material is controlled by the intrinsic fatigue limit ~0"0 • 
M = U!la ~R * F( ~-) 
o o R * Eq.[50] 
Similarly for larger inclusions, R>R *, equation [ 48] is still relevant and the threshold 
stress for crack arrest ~crth can be obtained by substituting ~cr=~cr1h; 
Eq.[51] 
1.6.1.2.3 Elastic-plastic crack closure considerations 
From equation [50] and equation [51] it is evident that the critical pore size and fatigue 
limit for larger pores are influenced by the effective stress range ratio U. 
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Gustavsson and Melander use elastic-plastic Finite element calculations to study 
plasticity induced crack closure at spherical pores, using the following materials 
constants; 
Youngs Modulus 
Poissons ratio 
Cyclic yield strength 
Hardening modulus 
E=210GPa 
v=0.3 
cry= 1000 MPa 
H=25 GPa 
Cyclic yield strength, cry. has been shown84 to be dependent upon hardness, for materials 
ranging in hardness from 400Hv to lOOOHv, according to equation [52]. 
aY = 1.75(Hv- 200) Eq.[52] 
The elastic-plastic finite element analysis was performed for load ranges from R=O to 
R=-4 and stress ranges ~crlcry=1.3 and ~cr/cry=l.7. 
Figure 1.31 shows a typical result from the finite element analysis as a plot of effective 
stress range ratio U against aiR. 
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Figure 1.31- An example result from elastic plastic finite element analysis showing development of 
stress range ratio U against normalised crack length a/R85 
Gustavsson and Melander make two observations from the finite element analysis 
results; 
I. It is evident that early in the life of the crack, below a/R~0.4, crack opening is 
increased due to lack of plasticity 
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2. U, corresponding to crack opening in loading sequences, is related to the range 
of positive nominal stress for a/R>0.4. An approximate solution for U 0 can 
therefore being written, 
Uo = 1- R 
er 
Eq.(53] 
The results generated were found to be adequately described by the following equation; 
Eq.(54] 
Where Ui is the initial value ofU and U 0 , the stabilised value for a/R=0.4. The 
parameters k and Ui are dependent upon Rand are determined by Gustavson as in Table 
1.8. 
Rs Ui k 
0 1 0 
-1 I ( !!.u) - 3.9+-
8 u, 
6 
-4 0.5 5 
Table 1.8- Fitted parameters of equation (54( where U0 is given by equation (53) 
Now, a comparison of this solution to the original penny-shaped crack shows that for 
cracks of /3<0. 7 the penny-shaped crack solution is very close to the void and annular 
crack model and therefore that equation [3 7], [ 47] and [53] can be used for the 
determination of R * as follows; 
* _ _ JZ'fJ( 1 - Rcr Y (~) 2 
R - fJco - 4 3.2Hv Eq.(55] 
In addition the relationship a.,=(l-,B)c0 can also be used in combination with equation 
[37] and equation [47] to obtain the threshold stress ~O'th from equation (52] for 
R>R*. 
1.6.1.2.4 Applicability of the model 
Despite previous indications that the model can be applied to situations where R=O or -4 
it should be noted that the authors have assumed the intrinsic fatigue limit ~0'0 to be 
independent of stress ratio, which is not the case. However the previous theory has been 
based upon the situation where R=-1 and this is therefore applicable to the rotating bend 
test data on which this thesis is based. 
The values oflong crack effective threshold SK0 are obtained as typical values for 
hardened steels from the work ofRitchie85. This parameter is somewhat dependent upon 
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hardness and lies within the range ~Ko=2-4 MPa my,, increasing with decreasing matrix 
hardness. For material of 800Hv Gustavsson and Melander found ~Ko=2MPa my' to 
allow best modelling of their experimental results. 
Figure 1.32 shows analysis by Gustavsson and Melander showing the threshold stress 
range corresponding to transition from crack arrest to crack propagation, for varying 
inclusion radius size the results from the ;/Area Parameter Method analysis are added 
(b) 
Figure 1.32 - Predicted plots of threshold stress for fatigue propagation against inclusion radius by 
the present model and by the V Area Parameter Method. (a) and (b) for R=-1 and hardness of 
SOOHV and 600HV respectively, (c) shows the effect of varying stress ratio R 82 
Figure 1.32(a) illustrates the fatigue limit variation with inclusion size for ~Ko ranging 
from 2 to 4 MPa my,, materials hardness of800Hv and stress ratio ofR=-1. The 
horizontal portion of each curve represents matrix controlled fatigue limit ~cr0, where 
R<R *=c0 (/3=0.5). The dashed line shows the prediction gained from the ..JArea 
Parameter Method, which is comparable to the results from the current model. However, · 
referring to the left hand side of the plot, some inaccuracy is evident since the inclusion 
controlled fatigue limit ~O"th is shown, for Murakami's model, to increase beyond the 
intrinsic material fatigue limit as R<R *. This of course is not the case and the ..JArea 
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Parameter Method accommodates this, in fact, with the simple rule that when cr3>cr1h 
then the intrinsic fatigue limit 0"0 becomes applicable, equation [37]. 
Similarly Gustavsson and Melander point out that the major difference between the two 
models is that the current model can be used to calculate the maximum size of non-
damaging inclusion. In fact a similar calculation can be performed within the ...JArea 
Parameter Method by rearrangement of equation [ 44], page 42. 
Figure 1.32(b) shows the effect of reducing matrix hardness from HV800 to HV600. 
The effect of varying load ratio is shown in Figure 1.32( c), for Hv800 and ~Ko=3 MP a 
my, . As previously noted, however, it should be remembered that the current model 
considers the intrinsic fatigue limit ~0"0 as being independent ofR, the value ofR=-1 
being used. 
1.6.1.2.5 Comparison with experimental data 
Gustavsson and Melander compare their mode182 and data against the Murakami model 
and data and visa-versa, as follows. 
In an identical manner to the works ofMurakami and Kurahari, fatal inclusion location 
and size were determined via fractographic analyses of broken laboratory fatigue 
specimens, and individual results compared to theoretical prediction from the model. 
Inclusion size is defined as the equivalent diameter of the projected area of the fatal 
inclusion. 
Data from the work ofMurakami et a/12•13 , incorporating summarised results from 
rotating bend fatigue tests of several steels of hardness ranging from Hv350-Hv800, has 
been analysed by Gustavsson and Melander using the two fatigue limit prediction 
methods. 
In addition, data from Melander and Rolfson79 were used for comparison. This data was 
obtained from axial fatigue tests where R=-1, ~cr=1272MPa and Hv=780. 
Table 1.9 presents the applicability of the current model and the ...JArea Parameter 
Model, in terms of the ratio of calculated fatigue limit to experimental fatigue limit, 
O"calclcrexp· For the present model the effect of varying ~Ko between 2MPa my' and 
4MPa my, is also shown and the number of inclusions causing failure, which the model 
calculated to be non-damaging, are shown in brackets. 
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AKo Present Model ...JArea Parameter Model 
(MPa m~) IM MUR IM MUR 
2 Mean 1.09 (0) 0.68 (0) 1.46 0.92 
SD 0.18 0.11 0.15 0.13 
3 Mean 1.38 (I} 0.82 (0) 1.46 0.92 
SD 0.26 0.16 0.15 0.13 
4 Mean 1.64 (3) 0.99(1) 1.46 0.92 
SD 0.26 0.20 0.15 0.13 
Table 1.9- Predictability (o.,1Joexp) for the current model and the ~Area Parameter Method 
applied to data sets IM(Melander) and MUR(Murakami)81 
The Melander method predicts fatigue limit for the Melander (IM) data most accurately 
at lll<o=2, whilst lll<o=4 is most appropriate for the data ofMurakami et al. In the view 
of the previous statement, that lll<o is expected to increase with decreasing hardness, 
then the results are in qualitative agreement since the Murakami data are derived from 
fatigue tests of steels of varying strength, whilst the IM data is based on a single high 
strength grade. 
It can be seen from these data that no provision exists within the Murakami model to 
account for llKo. 
The present model predicts very few of the fatal inclusions to be non-damaging, which 
is evidence that realistic results are obtainable. 
Comparing the prediction results of each set of data by each model it can be seen that 
both models yield a conservative estimate for the Murakami data, whilst producing non-
conservative results for the Melander data. 
1.6.2 Fatigue Life Prediction 
It has now been firmly established that the fatigue limit of high strength materials 
(>400Hv) is dependent upon the presence and distribution of small defects, 
predominantly in the form of non-metallic inclusions. Two models have been presented 
for the prediction offatigue limit, along with evidence of their applicability and 
accuracy. 
As previously defined the fatigue life of a material can be split into three stages, 
1. Crack initiation 
2. Crack propagation 
3. Failure by fast fracture 
And that the second stage, crack propagation, can be further divided as follows; 
1. Short crack growth 
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2. Long crack growth 
Therefore it can be seen that the determination of fatigue life of components is 
complicated since the number of cycles to failure, Nr, will be comprised of 
contributions from several stages with different mechanisms. 
1.6.2.1 Fatigue life prediction model - Goto et al 
Goto & Nisitani86•87•88 have performed experiments on ferritic/pearlitic and martensitic 
steels to determine the fatigue failure process and contributions of each stage to the total 
life of the specimens. They have studied the life prediction and scatter characteristics of 
plain specimens in terms of the stages summarised above and, in particular, have 
recognised the importance of the short crack growth stage. Small cracks with 
dimensions of similar scale to the microstructure are termed microstructurally small 
cracks and have been shown89"92 to exhibit irregular growth characteristics. 
In a test of heat-treated carbon steel plain specimens93 it was found that approximately 
20% of fatigue life was occupied in the initiation of a crack whilst the propagation of the 
crack to the length of I mm accounted for 70% ofNr. 
In a later study on four quenched and tempered steels88 Goto & Nisitani observed that 
the fatal fatigue crack initiated at N/Nr = 0.2 and that 70% of fatigue life was expended 
in initiation and growth of the crack to 2mm in length. The importance ofunderstanding 
the short crack behaviour can therefore be seen. 
In a comparative study of a normalised 0.21 %C steel and 0.45% quenched and tempered 
grade87, it was noted that for both steels, large scatter in fatigue lives at a constant stress 
level existed. All fatigue cracks in the normalised steel (a total of 48 tests at three stress 
levels) were found to originate at slip bands, i.e. were matrix controlled, whilst in the 
quenched and tempered steel approximately 60% of fatal cracks originated from surface 
defects at a stress level of 700MPa, rising to 80% at the lowest stress level, SOOMPa. 
The origin of fatal cracks was therefore noted to be related to stress level, and fatigue 
performance becomes more defect determined as 0'3 --)>0'w. No difference was observed 
in the crack propagation rate of cracks originating from the two sources but it was 
shown86 that for the lower stress levels N; for a defect tends to be low when compared to 
N; for a slip band. 
It is reported that large scatter was observed in the initiation life and microstructurally 
short crack propagation rates ofboth steels, where; 
Microstructurally short crack, quenched and tempered steel <O.lmm 
Microstructurally short crack, normalised steel <0.2mm 
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The influence of microstructure was shown to decrease beyond these crack sizes and 
subsequent life to failure Nor~Nr, No.2~Nr, shows less scatter. 
In addition it was observed that the scatter ofNr increased with decreasing stress level, 
this trend being significantly more pronounced in the normalised steel. 
1.6.2.1.1 The short crack problem 
Much work has been undertaken, by many researchers, to model crack growth rate using 
elastic fracture mechanics in terms of ~K. where ~K is representative of a condition of 
small scale yielding. However, if we use a standard formula for calculating ~Kin an 
infinite plate, ~K=~cr~nl, it can be seen that as the crack size reduces the stress must 
increase in order to maintain constant ~K. Therefore the equation indicates that the 
stress range for a small crack needs to be higher in order to obtain an equivalent growth 
rate as large crack. For finite growth rate of a small crack and thus small scale yielding 
is generally not satisfied. The growth rate of a small crack cannot, therefore be 
determined using ~K alone. 
Frost and Dugdale94 first proposed the empirical equation cr3
3
=C as an approximation 
of ~K for large cracks where small scale yielding is satisfied. Goto and Nisitani 86•87•88 
have presented a small crack growth law of the following form; 
d/ n 
-oca 
dN " 
Eq.[56] 
as a parameter for crack propagation under conditions of large scale yielding, where l is 
crack length, 0"3 is applied stress and n is a materials constant. 
1.6.2.1.2 Development of a unifying treatment for large and small crack growth 
Many growth laws have been reported and have been substantiated through testing, but 
only over a limited experimental range. 
Goto and Nisitani have developed a so-called unifying treatment for large and small 
fatigue cracks resulting in a small crack growth law, the development of this law is 
summarised below. 
In the following discussion large and small cracks are stage II and are distinguished by 
whether small scale yielding is satisfied or not. 
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Navarro and de Ios Rios95 explained the linking of stage I and stage II cracks in terms of 
the accumulation of irreversible deformation at the crack tip. It was proposed that crack 
propagation behaviour could be measured in terms of the reversed plastic zone size rpr· 
df 
-ocr dN pr Eq.[57] 
This result was validated by Nisitani and Kawagoishi96 from fatigue tests ofFe-3%Si 
alloy specimens. For all stress levels studied, fatigue crack growth rate was nearly 
proportional to rpr. regardless of extent of yielding. 
The phenomena of crack closure97 means that a crack need not actually open during 
cycling and results in an effectively reduced value of ~K. termed ~Keff. Kukikawa et 
af8 have measured the value of the crack opening ratio, U=cre.olcr(=~Ke.ol ~K), in 
many materials. At low stress it is shown that U is nearly proportional to ~K over a 
limited range of ~K. Other work by Nisitani et a/, on 0.45% carbon steel in low cycle 
fatigue indicates that U is nearly constant independent of crack length or strain range. 
Experimental work by Nisitani, Goto et a/, has indicated that the growth rate of long and 
short cracks can be described by the terms ~K and O"anl respectively, yielding the 
following equations, 
dl 
dN = Ct:JC (for a large crack and low nominal stress) Eq.[58] 
dl . 
dN = Cp:t (for a small crack and a h1gh nominal stress) Eq.[59] 
The two equations contradict each other, except when n =m = 2 (m can be as large as 
four and n is usually >2) or if we assume that dl/dN oc rpr· 
In equation [58], for the case of the long crack propagating under low stress, the relation 
U oc ~K relation is applicable. Therefore ~Keff= U~K a ~K2 . Also since rpr is 
considered proportional to ~K2e.ff using equation equation [57], results in equation [58] 
with m=4. 
As already discussed the propagation of a small crack at finite growth rates (I o-6 - I o-3 
mrn!cycle) implies that small scale yielding is not satisfied. In such a case the relation 
that U is constant holds and in this case the dependency of rpr (the reversed plastic zone 
size) upon cr and I can be estimated from the dependency of rp (the monotonic plastic 
zone size) under unidirectional loading. The Dugdale model99 for unidirectional loading 
the relationship r ,Jl oc ( crlcryt holds. The value of n is 2 for cr/cry<<l and becomes 
much larger than 2 as cr/cry approaches unity. By consideration of equation [57] and the 
above discussion equation [59] can be deduced. 
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The above discussion is summarised schematically in Figure 1.33 
Cracks which propagate under small scale yielding 
( cra<O.Scry, approximately) 
U = const. 
:. rpr oc /(a. = const.) 
rpr oc a; (I = const.) 
Assumption; 
dl 
dN ocrpr 
Cracks which propagate under large scale yielding 
( cra>0.6cry, approximately) 
UocM 
:. M.ff = UM oc M 2 
Assumption; 
dl 
dN ocrpr 
..... 
dl 4 
-=CM 
dN 
Figure 1.33 -A tabular explanation of the short crack growth law 
1.6.2.1.3 Experimental investigation of the small crack growth law 
Go to and Nisitani have performed rotating bend fatigue tests on specimens of 
ferrite/pearlite and martensite microstructures to investigate the scatter behaviour of 
fatigue life. For the purpose of this discussion only the results strictly relevant to this 
thesis, those from tempered martensite steels, will be considered. 
The four hardened steel grades tested were of rolled round section bars, one of carbon 
steel and three of low alloy grades, specifications and mechanical properties are given in 
Table 1.10. 
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MP a Tempering 
Material Uv u. u, temperature 
S45C 750 833 1510 600 
SCr440 9002 994 1540 600 
SCM435 8322 927 1603 600 
SNCM439 9301 1002 1691 580 
Table 1.10 - Specification and mechanical properties of the four steels tested (Go to and Nisitani). 
Here O'u = UTS, cr, = true fracture stress 
The diameter of the specimen waisted section was 5mm and test speed was 3500rpm. 
Fatigue crack growth data was obtained by the use of the plastic replica technique 
coupled with optical microscopy. Crack length I, represents the length in the 
circumferential direction. 
In some specimens a small blind hole was drilled as a deliberate initiation site. This is 
valid since in a comparative study of fatigue from natural defects, slip bands, non-
metallic inclusions and drilled holes88 it was found that the growth rate of the small 
crack was equivalent once the plane of the crack extended beyond the projected area of 
the drilled hole. In these cases the hole size of 0.1 mm is included in the crack length. 
1.6.2.1.4 Experimental development of the small crack growth law 
For each steel under investigation Got et al produced an SIN curve, Figure 1.34, and a 
fatigue limit determination made. The dotted lines shown are the SIN characteristics 
predicted by the current model and are discussed later. Table 1.11 summarises the 
fatigue limit found for each steel, along with the value crwlcru, where cru is the ultimate 
tensile strength and crw the plain specimen fatigue limit. 
Material 
S45C 
SCr440 
SCM435 
SNCM439 
450 
500 
470 
510 
0.54 
0.50 
0.51 
0.51 
Table 1.11 -Summary of fatigue limit data 
As previously discussed it is shown that most fatal cracks originate at non-metallic 
inclusions, increasingly as stress level decreases. 
60 
t8 
500 
c 
a. 
:I 
7 
'tS 
600 
IQ• 
(a) 
---:Estimate based on the small 
crack growth low, ne-glecting 
crack initiation lile. 
' 
' 
' 
' 
' 
545C 
o"u:833MPa 
C(,:450MPa 
---:EstimatE' base-d on the small 
crack growth IO'N, negleocting 
crack initiation lifP. 
10' 
700 
500 
10. 
---=EstimatE:' bosE'd on I hP smolt 
crack growth law, neglecting 
crock initiation lite. 
5Cr440 
O"u=994MPa er,., SOOMPa 
' 
' 
' 
... 
---: Es Iima te bosPd on I hP -small 
crack growth low, neglec.ting 
crock initiation lifE'. 
0'..,: SlOMPa 
SNCM439 
CTu:1002MPa 
... 
Figure 1.34 -Rotating bend fatigue endurance (SIN) curves 
The initiation life for all steels was found to be N/Nr = 0.2, where the crack was 
assumed to have initiated when it reached an initial size 25J.lm- just larger than the 
largest defect found. Subsequent growth to a size of2mm was found to occupy a further 
proportion Ni---.2/Nr= 0.7. 
The proposed fatigue crack growth law was investigated using the crack growth data 
obtained from the drilled specimens. 
Figure 1.35 shows the data for SNCM 439 drilled specimens and is found to be 
representative of all four steels tested. Figure 1.35(a), the In I versus N/Nrplot, shows 
how a curved line represents the relationship and how a linear association exists 
between 1 = 0,3 ~ 2mm. It is interesting to note that a length of0.3mm is required for 
the three dimensional crack to extend beyond the projected area ofthe drilled hole and it 
can therefore be concluded that the growth rate of the small crack is proportional to 
crack length. 
Figure 1.35(b) shows the crack growth rate in terms of ~K (=~cr./nl) and, therefore, 
how dlldN cannot be uniquely described by ~K. 
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Figure 1.35 -Crack growth data for SNCM 439 drilled specimens: (a) In I versus N/N1 relation; (b) 
d//dN versus .iK relation 
The above results suggest that, for a crack smaller than 2mm at constant stress level, 
dl 
-oc/ 
dN 
Eq.[60] 
Figure 1.36 examines the possible relationship between crack growth rate and applied 
stress cr., giving the relationship, 
"' u 
"' 1 
~10"" 
u 
w r 
';;: ~ a: J: 
~ 
:.:: 
'</. 
510' 
dl 
- oc a" dN a 
~ 
I:O.Srnm 
(a) (b) 
10 
lsCMml 
1=0.5mm 
(c) 
!$NCMJ.J9i 
!":O.Smm 
f- (d) 
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I 1 d I 
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-' ~ 1 o 1 a· '-.L..-t-'-'......Y 1 6'-.L..-J-....I....l......Y 
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STRESS AMPLITUDE tra MPa 
Eq.[61] 
Figure 1.36 -Crack growth relationship, for a crack length of O.Smm, of the form d//dN versus cr0 
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The operator n is a material specific constant which, from the data of Figure 1.37(a) 
page 64, can be determined in terms of the UTS of the material by the equation, 
Eq.[62] 
Now, combining equations [60] and [61] Goto and Nisitani derive the equation, 
!!}_ - C ( a. ) n I 
dN- 2 aye 
Eq.[63] 
where cryc is the cyclic yield stress and C2 is a constant. Goto and Nisitani relate the 
cyclic yield stress to the monotonic yield stress from the work ofTanaka et a/100, where; 
Eq.[64] 
and therefore equation [6] is rewritten; 
dl (a·)" 
dN = c3 a" I Eq.[65] 
Where C3 represents the ease of crack propagation in a given material. 
Material d(mm) cry (MPa) O"u (MPa) Range of n c. CJ X 103 
cr, ~Pa~ 
(a) For carbon steels (1-8) 
S35C 8 490 673 380-480 10 4.6 X 10"31 8.8 
S45C 8 750 833 455-700 9.3 3.4 X 10"32 5.0 
S45C 8 821 966 500-650 7.2 1.4 X 10"24 4.3 
S45C 8 975 1112 600-800 6.0 1.2 X 10"21 2.3 
S45C 8 1068 1224 700-850 5.3 7.3 X 10"20 1.7 
ssoc 5 1161 1243 700-1000 5.0 5.4 X 10" 19 1.6 
S45C 5 1376 1510 800-900 3.0 3.5 X 10" 13 1.2 
S45C 8 1353 1571 850-900 2.0 4.9 X 10"10 1.2 
(b) For low alloy steels (9-19) 
SCr440 8 825 917 540-700 8.0 7.4 X 10"27 3.7 
SCr440 8 900 994 550-750 7.0 3.1 X 10"24 3.0 
SCr440 8 1138 1223 550-800 5.0 6.9 X 10" 19 1.9 
SCM435 5 748 858 450-600 8.7 7.2 X 10"29 2.4 
SCM435 8 787 894 540-700 8.0 4.9 X 10"27 2.0 
SCM435 8 825 927 550-750 7.0 2.9 X 10"24 1.7 
SCM435 8 1095 1169 550-750 5.0 6.0 X 10"19 1.3 
SNCM435 8 645 802 500-700 8.5 5.6 X 1028 2.7 
SNCM435 8 930 1002 550-750 7.0 1.6 X 10"24 1.7 
SNCM435 8 1220 1313 700-1000 3.8 1.1 X 10-15 0.79 
SNCM435 8 1525 1616 900-1200 2.0 2.1 X 10-IO 0.54 
d =Test specimen diameter 
Table 1.12 -Values of fatigue crack growth constants for different steel grades at varying strength 
level and specimen size 
Table 1.1288 summarises experiments performed by Goto and Nisitani on a range of 
steel grades, hardness levels and specimen sizes, giving values for n, C1 and C3. 
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It can be seen that c3 is independent of specimen size but, instead, is related to the 
specific mechanical properties of the material and therefore is suitable for comparison of 
different metals and specimen sizes. 
Figure 1.37(b) reveals the relationship between C3 and the material UTS. It is evident 
that a slightly different relationship exists for plain carbon and Cr steels than for the Cr-
Mo and Ni-Cr-Mo steels tested, as follows; 
C """"'9 8 xI 04 a -z.5 P.C.S. and Cr steels 3 . u Eq.[66] 
c3 = 5.1 X 104 au -z.5 Cr-Mo and Ni-Cr-Mo steels Eq.[67] 
(a) 
~00 
<ru MPo 
Figure 1.37 -Dependence of constants upon UTS of material. (a) n versus UTS (b) C3 versus UTS 
It is now also widely established that the tensile strength is related to hardness by the 
equation, 
a =KH U V Eq.[68] 
Where K =3.08 for carbon steels and K=3.13 for low alloy steels. Therefore it is 
possible to derive the values of constants c3 and n via a simple hardness test and hence 
a fatigue life prediction approximation can be easily made. 
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1.6.2.1.5 Fatigue life prediction based on the small crack growth law 
The behaviour of a small crack can now be characterised using equation [65] and can be 
used to approximate the short crack fatigue life. Rearrangement and integration yield the 
following expression; 
Eq.[69] 
Therefore, when h=0.05mm and 12=2mm 
Eq.[70] 
It is from this expression that the dotted lines of Figure 1.34 are derived. Experiment 
shows that this, short crack, phase of fatigue life, at least for small members, occupies 
approximately 70% of total fatigue life and therefore it can be seen that the theoretical 
prediction compares well to experimental results. 
1.7 Objectives of the Current Research Project 
The literature survey has clearly identified the influence of non-metallic inclusions on 
the fatigue performance of high strength materials. 
Methods to predict the fatigue limit of hard materials from knowledge of non-metallic 
inclusion distribution are shown to be well established and two models will be 
investigated in the current research which have different physical bases but which have 
been proven to be valid by experiment. 
The design of components based upon infinite life methodology is not realistic. In 
fatigue tests of development spring components performed by the author101 •102 it was 
observed that non-metallic inclusions in finished spring components play a dominant 
role in the initiation of fatigue cracks. It has been established that the propagation life of 
the fatigue crack, consisting short and long crack growth, will consume a large 
proportion of total fatigue life. 
A model has been presented which applies a 'unifying treatment' to the short and long 
crack growth phases by adoption of the precept that crack growth rate is proportional to 
the reversible plastic zone size. This method is of a generalistic nature but incorporates a 
degree of material specific modification in the derivation of constants. 
The nature of non-metallic inclusion distribution will result in the occurrence of 
occasional maximum inclusion sizes which are significantly in excess of the size of the 
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general population. A model for prediction of the expected maximum inclusion size in a 
stated number of components or specimens will be assessed for validity with the current 
material. 
The experimental work planned to investigate the interaction between non-metallic 
inclusions and fatigue properties incorporates the testing of plain specimens of spring 
steel BS970 251A58. The testing is planned to incorporate measurement of crack 
growth rate by the plastic replica method. This will enable the detection and monitoring 
of fatigue cracks from a very early stage through to failure. 
The aim of this thesis is to investigate the applicability of the fatigue limit and life 
models to a commercial spring steel. This is achieved via rotating bend testing of plain 
specimens manufactured from two casts of steel of nominally identical composition and 
heat treatment. The two casts have significantly different inclusion content and 
distribution and are therefore expected to exhibit specific fatigue responses against 
which each model can be validated. 
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2 Experimental Techniques and Materials 
Characterisation 
2.1 Experimental Design 
In order to accomplish the experimental objectives, care has been taken to plan and 
design the experimental work in a rigorous manner. In this way it has been ensured that 
precise data has been derived and that sufficient experiments have been performed to 
provide adequate results for analysis. 
2.1.1 Material selection and processing 
The material selected for this work is low alloy steel BS970 251 A58, a cost effective 
silicon manganese spring steel in widespread use in vehicle manufacture in the UK. The 
composition of the material and equivalent AISIISAE designations are given in Table 
2.1. 
c Si Mn p s Cr Mo Ni Cu AI V 
0.55-0.6 1.8- 0.8- 0.035 0.035 0.15- 0.3 0.1 0.2 max 0.2 max 0 0 
2.1 1.0 max max max (option) (option) 
Equivalent AISnSAE 
9260 
Designations 9261 
Table 2.1 - Composition of spring steel currently in use and equivalent designations 
Two batches of material were selected specifically for their non-metallic inclusion 
content, distribution and maximum inclusion size and used in the manufacture of fatigue 
specimens. The specific composition and source of these materials are presented in 
Table 2.2. Cast certificates are included in Appendix 1. 
Material Supplier Label c Si Mn p s Cr Ni Mo AI 
BS970 Pt.2 
Cu 
2SIAS8 Fundia H 0.6 2.06 0.91 0.02 0.006 0.202 0.031 0.004 0.038 0.008 
BS970 Pt.2 Cardiff L 2SIAS8 Rod 0.55 1.83 0.83 0.009 0.005 0.16 0.12 0.03 0.015 
Table 2.2 - Specific history of the two materials under investigation 
The materials used are nominally identical although the Fundia material is somewhat 
higher in content of most elements- notably in carbon, silicon and manganese. Fundia 
material is manufactured from ore via the basic oxygen route whilst Cardiff Rod 
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0.2 
material is manufactured from scrap steel using the electric arc process. Both materials 
were supplied hot rolled to a nominal wire diameter. 
It was consistently observed that material smelted from ore using the basic oxygen 
process yielded higher levels of non-metallic inclusions. The material batches tested 
were selected to exhibit a significant difference in non-metallic inclusion sizes and 
distribution. 
Each material was cold drawn to final diameter prior to sectioning off into lengths. 
Sufficient bars of each material batch were obtained to produce fatigue specimens, 
whilst several extra bars were kept for possible additional experiments. 
The two materials have been given the labels Hand L, for the Fundia and Cardiff Rod 
materials respectively, since it will be shown that the Fundia steel contains a 
significantly higher level of inclusions in comparison to the Cardiff Rod material. 
Effort has been made to ensure that the two batches are as near as possible identical in 
all respects except inclusion content. One factor in which this has not been possible is in 
the degree of cold work applied at the drawing stage. Referring to Table 2.3 there exists 
a difference of approximately 7% in the reduction of cross sectional area at drawing. 
Fatigue results obtained from trials of development sample coils at the University of 
Plymouth have indicated that the degree of cold drawing may have some effect upon 
fatigue response of finished coils. The presence of several other material factors in the 
coils manufactured for the test programme meant that this relationship could not be 
proven, for example the significantly varying levels of non-metallic inclusions observed, 
presence oflaps, seams and decarburisation. The draw rates on these finished coil 
samples were significantly different, ranging from I 0% to 36% reduction of area at the 
cold draw stage. It is not anticipated that the comparatively small difference between the 
current sample materials represents appreciable disparity so as to have effect upon 
fatigue performance once the material is subsequently austenised, quenched and 
tempered. 
Material Label %Area Reduction Final Diameter (mm) 
Fundi a H 35 10.87 
Cardiff Rod L 28 11.455 
Table 2.3 - Cold work applied and final dimensions 
All specimens were final finished after heat treatment. Design and processing of 
specimens is described in section 2.2. 
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2.1.2 Selection of fatigue test method 
The fully reversed rotating bend (Wohler) test was selected for the following reasons; 
I. The method has been extensively used by other workers4' 11 -20•86-88 with apparent 
success 
2. Ready availability of equipment 
3. Wohler testing is rapid, tests are very repeatable and the equipment inherently 
simple 
A schematic diagram of the test equipment is shown in Figure 2.1. 
Specimen 
Load Hanger/Bearing 
MOTOR 
3000 RPM 
Chuck 
Figure 2.1 Schematic of the rotating bend test equipment 
Some equipment modifications were required prior to testing as follows; 
1. A clamping system was developed, suitable for holding specimens of two 
(incoming bar) diameters under high loads and for long lives 
2. Application of motor speed control for the accommodation of discontinuous 
tests 
2.1.3 Application of an experimental design method 
Statistical techniques have been employed in the design of experimental work in order 
to ensure attainment of unbiased and representative results. The experimental design 
technique used 103 relates specifically to the application of mechanical fatigue testing and 
has the aim of ensuring derivation of statistically relevant fatigue data. 
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2.1.3.1 Nuisance variables 
Little103 identifies the following sources of nuisance variables which may contribute to 
the variability of fatigue life data; 
• ~achines 
• Actual size and/or shape of specimens 
• Operators and/or machine adjustment 
• Specimen preparation 
• Test environment, e.g. laboratory humidity 
• ~aterial variability 
• Sampling ofthe material 
The final plan for this experiment was devised, after consideration of the above factors, 
to accommodate and minimise the effects of the following; 
1. ~aterial inhomogeneity 
2. Variability between test machines 
The first consideration is of importance for the SIN type data being produced, since the 
material was obtained in the form of drawn bars, each of which could conceivably 
contain varying levels of defects, including non-metallic inclusions. If all specimens for 
a given stress level were drawn from a single bar of material then the results from those 
specimens could be altered by local characteristics of that bar and therefore would be 
non-representative of the overall material. The latter factor must be considered since 
two, albeit identical, machines were used in testing. 
In addition to the two factors specified above, the plan could have been further modified 
to accommodate the possible effects of biased results due to the following nuisance 
variables, 
Machine set-up error- This systematic experimental error occurs when, for example, a 
fatigue test machine is set up to produce a slightly higher than planned nominal stress. If 
all specimens of a given material/process combination are now tested without re-setting 
the machine then the average apparent fatigue performance would be decreased. Little103 
suggests that all fatigue tests should be performed only after re-setting a machine for 
that particular test. 
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Time dependent drift- Some complex testing systems may be sensitive to external 
factors which result in a gradual variation in set-up parameters which can affect results 
with time. In these cases it may be impossible to detect such a drift without specific 
attention to planning. But, more importantly, with proper planning it is possible to 
produce a set of data which, whilst affected by drift, produce a result which is correct 
and representative of the data minus the drift. 
It was decided not to incorporate the latter factor into the experiment after consideration 
of the limited possible range of conditions under which the testing would be performed 
and the simplicity of test equipment. Machine set up was not considered a serious 
consideration due to the simplicity of the rotating bend test, however, in reality each test 
required a careful individual set up due to problems encountered, as described in chapter 
3. 
In general, large-scale fatigue tests are performed to compare the performance of 
material or components to which different levels of processing treatments have been 
applied, in order to define an optimum. Therefore treatment is the term generally 
applied to a process under investigation and level defines the parameters of this 
treatment. Effects which may cloud the final result, for example a variation of machine 
performance with time, are known as nuisance effects and may be circumvented by the 
use of planned groupings of experimental units, known as blocks. 
It will be noted that, in this experiment, the treatment is in fact not one deliberately 
applied to the material but one which is a result of variation in the steel smelting 
process, namely the level of non-metallic inclusions. Two material batches, and 
therefore two levels of non-metallic inclusions, are included in the experiment, as 
detailed in Table 2.land Table 2.2. At this stage these levels are described qualitatively 
as High and Low, a quantitative analysis of inclusion levels is described in section 2.4. 
2.1.3.2 Stress levels and replication 
Preliminary tests were performed to determine the shape and position of the SIN curve 
for each material prior to testing of the main specimens. This enabled the decision of 
how many stress levels to test at, and at which stress levels, to be made. It was decided 
that three stress levels would be adequate, with a further batch of specimens for fatigue 
limit determination. Little103 suggests percentage replication figures for various test 
functions, as specified in Table 2.4, where the definition for percent replication, 
%Replication= 100 x (I -(number of stress levels/total number of specimens) 
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Type of test 
Preliminary and exploratory 
(exploratory research and 
development tests) 
Research and development testing of 
components and specimens 
Design allowables data 
Reliability data 
Percent replication 
17 to 33 minimum 
33 to 50 minimum 
50 to 75 minimum 
75 to 88 minimum 
Table 2.4 -Replication levels for various testing functions 
In actuality it had already been decided to perfonn eight tests at each stress level for the 
following reasons, 
1. To obtain sufficient results to give a good scatter of results - the characteristic 
feature of fatigue in high strength materials 
2. To allow for a comparison between results of tests perfonned with crack 
growth measurement using the plastic replica technique to those perfonned 
without, thus eliminating this process as a nuisance variable 
Using the relationship given above this yields a replication level of 50% - of the order 
required for research and development. 
Sixteen fatigue limit specimens of each material were tested. 
In addition to the above specimens a further eight spare specimens were manufactured 
in each material, should further replication be required. This may particularly be the 
case at lower stress levels. 
72 
2.1.3.3 The resulting experimental design 
The organisational charts for the experiment, Figure 2.2-Figure 2.3, show how the 
material was sectioned into experimental units, numbered 1-96. Specimens 1-48 are 
manufactured from six bars of high inclusion material H, Figure 2.2; whilst low 
inclusion specimens 49-96 are manufactured from six bars of material L, Figure 2.3. 
Each length of bar supplied yields eight specimens, as follows; 
• 3 x SIN specimens - 1 each of3 stress levels (blue/green/pink) 
• 1 x SIN specimen - Spare (yellow) 
• 2 Fatigue limit specimens (purple) 
• I Tensile specimen (turquoise) 
• 1 Preliminary SIN specimen (blank) 
The multi-coloured bars at the left of each chart represent the bars supplied, each colour 
indicating the specimen usage, thus it can be seen that one specimen for each stress 
level is taken from each bar and therefore results cannot be weighted by material 
inhomogeneity. 
The figures 1 and 2 below the bars indicate which machine each specimen is tested on, 
it will be noted how this is systematically arranged yielding equal numbers of tests per 
stress level on each fatigue machine. 
The SIN curve determination table to the right of each chart summarises the allocation 
of specimens to stress levels and similarly this is done for fatigue limit specimens. 
From the experimental data it should now be possible to trace any trends emerging from 
the fatigue test data and to determine the effects of any nuisance variables. 
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Wohler Specimen Test Plan - Material H 
H2 
H3 
H4 
H5 
H6 
H7 
H8 
* Figure denotes bar number 
** Figure denotes specimen number 
.,... 9 10 
CJ'*t: 
t'CI 17 18 
:::!: 25 26 
Q) 5 6 
c 13 14 :EN 
CJ'*t: 21 22 t'CI 
:::!: 29 30 
Fatigue Limit Determination ; 
Machine #1 Tests; 
33 36 
41 44 
Machine #2 Tests; 
34 35 
42 43 
••• Figure denotes test machine used 
37 
45 
38 
46 
**** Letters Indicate preliminary test specimen for 
fatigue limit tests 
15 
23 
31 
3 
11 
19 
27 
40 
48 
39 
47 
16 
24 
32 
4 
12 
20 
28 
Wohler Specimen Test Plan - Material l 
L2 
Cl) 49 50 55 56 
c 57 58 63 64 ,r:,... 
L3 CJ'*t: 65 66 71 72 «S 
:::!: 73 74 79 80 
Cl) 53 54 51 52 
c 61 62 59 60 L4 :CN 
CJ'*t: 69 70 67 «S 
:::!: n 78 75 
L5 
Fatigue Limit Determination ; 
L6 
Machine #1 Tests; 
81 84 85 88 
L7 89 92 93 96 
Machine #2 Tests; 
L8 82 83 86 87 
90 91 94 95 
2.2 Specimen Design and Manufacture 
Fatigue specimens were designed with special consideration given to the relevant 
British Standard, BS3518 Pt.2 104 and to the specific requirements as described in section 
2.2.1. 
2.2.1 Determination of optimum design 
In addition the recommendations ofBS3518 Pt.2 104 the specimen design was carefully 
considered in order to optimise the combination of the following properties, which are 
stated in order of importance, 
• A suitably high concentration factor of the stress at the minimum section to 
ensure failure within the reduced section 
• Sizing of waist to within the load capacity of test machinery 
• Maximum critical volume. V crit i.e. the volume of material which is to be 
subjected to the highest stresses and therefore be most likely to include the 
point of fatigue initiation (empirically determined by other workers to be 90% 
of stress at minimum waist). This aspect is important since it is the effect of 
spatial aspects of the material, for example inclusions present, upon fatigue 
performance, which we are interested in - a high critical volume best ensures 
this 
• Machining requirement should be minimal - this is assessed in terms of the 
volume of material V rem removed to form the specimen waist 
The hourglass specimen design was selected as the basic form due to its good 
concentration of stress at the waist, reasonably flat stress distribution within the waist 
and ease of manufacture. There are three basic dimensions of the hourglass Wohler 
specimen, Figure 2.4, which can be changed to affect the factors specified in this 
section, namely the minimum diameter, position of the waist and waist geometry. 
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Figure 2.4 - Showing the necessary specimen dimensions for determining critical volume 
In the following analysis the specimen radius r1 is described in terms of position I by the 
equation; 
2.2.1.1 Determination of specimen properties via integration using the MathCad 
"Wohler.MCD" worksheet 
Wohler specimen properties have been determined by use of the MathCad routine 
'Wohler.mcd' a sample of which is included in Appendix 2. This routine is a rigorous 
symbolic calculation, calculating required specimen parameters via exact integration. 
The following steps were used; 
1. Statement of the only fixed variable, specimen working length, L= 140mm 
2. Statement of other variables, waist diameter, waist position, radius of arc 
forming waist, bar diameter and applied load 
3. Definition of a datum position, 1 = 0, at the mmtmum waist of the 
spectmen 
4. Definition of specimen profile in terms of distance from the waist position, 
5. Calculation of stress profile in terms of position, 1 
Determination of the critical volume (steps (6- 1 0)) 
6. Determination of the expression describing the locus of the high stress 
region envelope, cr > 0.9crmax (the critical region), where O"max is the stress 
77 
at the specimen waist. yielding the expression; 
7. Which, using a 51h order Taylor expansion, becomes; 
= 0.9:ra0 •[(X _ RR)4 + [ 2 (X- RR)
3 ]•/2 + [2(X _ RR)2•[(X- RR) + I l +(X- RR)2]•/4] 
y (L-/)•P•4 RR 4•RR3 (4RR2 ) RR3 
Where y is the distance from the neutral axis of the specimen to the high 
stress locus 
8. Determination of the limits of I for which s > 0.9cr0 i.e. where surface 
stress= 0.9cro 
9. Integration of the expressions describing the specimen profile and high 
stress envelope between the limits of the high stress envelope, to 
determine the overall specimen volume and the volume of material 
experiencing low stress 
10. Calculation of high stress volume by subtraction of low stress volume 
from specimen volume, between the limits determined in step 8 
A summary results printout from the above worksheet is shown in Figure 2.5. 
It should be noted that critical volume is not dependent upon load, and alters to different 
degrees with the other variables. By varying the parameters in sequence, within the 
MathCad model, it has been possible to determine a specimen geometry with the best 
combination of factors for use in the currently planned, as well as possible future, tests. 
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2.2.1.2 Numerical integration of specimen properties via MS Excel 'Wohler.xls' 
spreadsheet 
The rigorous symbolic calculation of specimen critical volume described above has 
been validated using numeric integration, in the MS Excel worksheet ' W ohler.xls'. 
Theoretical ' slices' of the specimen were taken at lOOJ..lm intervals to determine 
individual section properties and these were summed to calculate the total critical 
volume. Logic statements were used to determine the limits of the critical region. Figure 
2.6 shows a plot of typical specimen properties, surface profile, stress profile and locus 
ofhigh stress region. 
e 
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and Trace of Region of >90% Peak Stress 
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Waist M/C Radius= 200mm 
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Waist Diameter- 6.5mm 
Specimen Profile 
-----..1 
Figure 2.6 -Plot from Excel worksheet ' Wobler.xls' showing specimen properties 
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The critical volume calculated by the Excel worksheet compares very well to that of the 
symbolic integration of Figure 2.5. 
Numeric integration 'WohJer.xls' (mm3) Symbolic integration 'Wohler.mcd' (mm3) 
68.03 68.13 
Table 2.5 - Comparison between critical volume values calculated using the symbolic and numeric 
integration 
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2.2.1.3 Final specimen design 
The final design must be a compromise between all of the factors specified in section 
2.2.1. In addition the final design must be compatible with the physical constraints of 
the test; for example if the combination of waist position, diameter and arc length were 
incorrect then the waisted section would begin to enter the chuck jaws which is 
obviously not desirable. 
The bar size from which specimens were made was determined by the availability of 
material with significantly different inclusion levels. Several variations of specimen 
dimensions were processed via the MathCad worksheet prior to selection of final 
specimen dimensions; these dimensions, along with the resulting specimen 
characteristics, are summarised in Table 2.6. 
Waist Dia RR (mm) 
(mm) 
L (nun) Load (N) at 
llOOMPa 
6.5 200 100 68.13 3089 3.909 294 
Table 2.6 - Properties and dimensions of the final specimen design 
2.2.1.4 Specimen manufacture 
Specimens were rough turned via CNC lathe; cutting details are specified in BS3518 pt2 
and summarised in Figure 2. 7 for both material bar sizes. 
R200mm 
~-~~-~- ~ - ~ - ~ -~-~- ~-~- ~- ~-~-~-~-~-~-~- -~-· 
I. 1' 9J.75mm : 25mm 
202mm 
Cutting Details -For specimen ofMajor Diameter; 
10.87mm 
Roughing Cuts 
1. 0.935mm 
2. 0.75nun 
3 0.25mm 
Finishing Cuts 
Feed rate O ..Smm 'revolution 
4 0 125mm 
5 0.075mm 
6 OOSmm 
11.455mm 
Roughing Cuts 
1. 1.2275mm 
2. 0.75mm 
3. 0.25mm 
Finishing Cuts 
Fud rate O ..Smmlre.•olution 
4. 0. 125mm 
5. 0.075mm 
6. O.OSmm 
Figure 2.7 dimensions and cutting specification for the Wohler specimens 
Dia. 10 Dia. 6.5 
+0.00 +0.10 005. 000 
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Following this the waist was hand ground using successively finer emery cloth, surface 
finish from the turning operation was poor and significant work was required at this 
stage. Polishing was performed to 11-lm diamond paste finish. 
Specimens were heat treated in a single batch through a commercial plant according to 
the process ofTable 2.7. 
Material Label Austenise Quench Temper 
Fundia H 860°C, 15 minutes so•c4% co2 41 o•c, 20 minutes 
Cardiff Rod L 86o•c, 15 minutes so•c4%C02 41 o•c, 20 minutes 
Table 2.7- Heat treatment of specimens 
Following heat treatment a final polish was performed from 15Jlm to 11-lm, with the 
final polish at 1 JliD being performed longitudinally. 
2.3 Material Properties 
Material static properties have been determined via tensile testing of a number of 
specimens, and by Vickers hardness testing. 
2.3.1 Tensile tests 
Tensile tests were performed using the Instron 1175 tensometer. Specimen waist 
diameter was 5.5mm and crosshead speed 2mm/min. Specimens were heat treated 
alongside the fatigue specimens. These tests are summarised in Table 2.8. 
Specimen UTS (MPa) Mean (MPa) Std Dev. 
High Inclusion 1 2040 
High Inclusion 2 2177 2131 78.8 
High Inclusion 3 2176 
Low Inclusion 1 1997 
Low Inclusion 2 2105 2020 76.6 
Low Inclusion 3 1957 
Table 2.8 -Ultimate tensile strength test results for tensile specimens of both materials 
2.3.2 Hardness testing 
Vickers hardness tests were performed upon specimens cut from tested fatigue 
specimens taken from a position near the loading point, where the in-test stresses are 
very low. In addition micro-hardness tests were carried out to determine a hardness 
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profile across the specimens, thus allowing a modified value of fatigue limit to be 
determined. 
2.3.2.1 Vickers hardness testing 
Vickers hardness values at a load of 50Kg were obtained from transverse material 
sections over the series of test specimens, results as Table 2.9. 
High Inclusion Materials Low Inclusion Materials 
Specimen HVSO Specimen HVSO 
652 49 
2 623 50 
3 656 51 
4 652 52 
5* 661 55* 
9* 662 57 
13 660 61 
17 671 65* 
21 659 69 
25* 655 73* 
Table 2.9 - Vickers hardness test results for selected specimens of both materials 
All values are the result of a minimum three measurements 
• Specimens subsequently used in microhardness analyses section 3.2.2.2 
644 
643 
633 
647 
637 
639 
610 
647 
639 
643 
Average value for the H material is Hv5o = 655 and for L, Hvso = 638.2. These results 
are used as the basis for fatigue limit prediction in chapter 5. 
2.3.2.2 Micro-hardness testing 
Vickers microhardness measurements were taken from failed specimens in the waisted 
section, well away from the high stress area. These were performed at a load of 0.5kg 
and at intervals of O.lrnm up to 3mm depth. The resulting profiles are shown in Figure 
2.8(a)-(f). 
A general trend of reduced hardness at the specimen surface is observed in all cases. A 
definite trend is most strongly evident in specimens 9, 65 and 73. The reduction in 
hardness is most likely due to local surface decarburisation of the microstructure. 
For the low inclusion materials the worst deterioration in surface hardness is observed 
for specimen 73, this result compares well to observations of complete and partial 
decarburisation depth in these materials and will be used in chapter 5 to produce a 
conservative modified prediction of fatigue limit. Similarly the worst case for the H 
material is specimen 9 and this result is used for fatigue strength prediction in this 
material. 
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Figure 2.8- Vickers hardness test results for selected specimens of both materials: (a) Specimen 5; 
(b) Specimen 9; (c) Specimen 25; (d) Specimen 55; (e) Specimen 65; (a) Specimen 73 
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2.4 Characterisation of Non-Metallic Inclusions 
2.4.1 Inclusion rating method by statistics of extreme values (IRMSE) and its 
application to predicting fatigue strength of high strength steels 
There are many inclusion rating methods available79•105 but use of these methods does 
not allow simple evaluation of the fatigue limit for the material in service. It has been 
proposed 11 -20 that the fatigue strength of materials can be predicted using the ..JArea 
Parameter Method and that the lower bound of fatigue strength is met when the 
maximum size inclusion occurs at the material sub-surface. 
If the maximum size of inclusion expected to be contained in a component is known 
then a lower bound offatigue strength can be predicted from equation [37]. It has been 
proposed11 •13•19•20 that by application of the statistics of extreme values81 to inclusions, a 
maximum expected size of inclusion (expressed as ..JArea) can be calculated from which 
a lower bound of fatigue strength may be predicted. 
Murakami20 describes the merits ofiRMSE, in comparison to conventional methods, as 
follows; 
I. To distinctly discriminate the cleanliness of recent super-clean steels. 
Conventional rating methods are no longer valid as the method to assess new 
clean steels 
2. To predict the size oflarger inclusions included in a domain larger than the 
inspection domain 
The stated uses of the method are in the quality control of materials, and in prediction of 
fatigue strength scatter in mass production components. 
The extent to which the extreme sizes of inclusions, contained in steels in general, 
conform to extreme value theory is not well documented, but some investigations 11 •13•19 
confirm that the statistical distribution of inclusions in steels does conform. Table 2.10 
summarises published data on the applicability of the method to several steels. Several 
investigations have shown, notably for a number of spring steels, that the combined 
theory of the ..JArea Parameter Method and IRMSE can be effectively applied to, at least 
some, high strength steels. 
It would not be appropriate, in this thesis, to provide a detailed explanation of 
performing an extreme statistics analysis of inclusions in steel. The method is well 
covered in the literature 19•20· However a brief description follows which will serve as a 
background to related discussion. 
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Steel 
Description 
Spring steel 
ns SUP9 
Spring steel 
ns SUPlOM 
Spring steel 
SAE 9254 
Tool steel 
SKH 51 
SAE 
10IA50.35% 
C0.55% C 
Reference 
5,15 
4 
19 
16 
17 
Authors 
Kurihara et al. 
Murakami et al. 
Kurihara et al. 
Murakami et al. 
Murakami et al. 
Murakami et al. 
Comments 
Both reported conformed well to the distribution of 
extreme values. Lower bound of fatigue life predicted 
conservatively 
Both reported conformed well to the distribution of 
extreme values. Lower bound of fatigue life predicted 
conservatively 
Conformed well to the distribution of extreme 
values. Lower bound of fatigue life predicted 
conservatively 
Conformed well to the distribution of extreme 
values.Lower bound of fatigue life predicted 
conservatively 
I OL45 and 0.55%C conform well to extreme values 
statistics, 0.35% C steel conforms. Lower bound of fatigue 
predicted closely for I OL45 and 0.55%C, conservatively 
for 0.35% C 
SUJ2 (N) 20 Murakami. Conformed well to the distribution of extreme 
SUJ2 (H) values.Fatigue data not available. 
Table 2.10- Summary of data from various researchers 
2.4.1.1 Description of the method of extreme statistics applied to assessing 
inclusion content of steels 
Polished metallographic specimens are prepared from sections of material perpendicular 
to the maximum tensile stress. A standard inspection area (denoted S 
0 
mm
2) is fixed 
and optical micrographs are prepared- Figure 2.9. From each micrograph the maximum 
size inclusion is selected and the square root of its projected area, .YAreamax, is 
calculated. The operation is repeated n times in n fields of area S0. 
So(mml) 
I 
I 
\ 
;;•(pm) 
-n----'~...__- / / 
Figure 2.9 - Analysis of inclusions from a section perpendicular to the maximum tensile stress 
The values are classified in ascending order before plotting against a log-log scale on 
probability paper. If a straight line can be fitted to the data then the distribution 
conforms to an extreme values distribution. 
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The area over which the prediction is required is now used to calculate the 'return 
period', this can be defined as the number of fields which must be viewed in order for it 
to be probable that one inclusion of a given size will be found. Conversely if one were 
concerned with the maximum inclusion size which is likely to exist in a given area, 
which is likely be greater than the total original inspection area, then the value of return 
period, T, would be calculated from a standard formula. This can then be compared to 
the probability plot, Figure 2.1 0, and a corresponding size of probable maximum 
inclusion size determined. 
6 99.8 T::::l/(1- F) 
5 99 .5 200! . 99 0 loo T= 100, for 100 specimens ~: ~ :: : -------;?t 
1 c 90 /- I 
....... 2 &J r 1 
E g 80 _,0 t 1 ~ ~ 50 ~ \I arw .... 
-1 ~ 10 ./ I I § l /" 
-2 u o . Io zo 40 so so 100 120 140 1so 1so 
/area 11m 
Figure 2.10- Showing extreme values data plotted on probability paper19 
The literature19 states that 40 is a suitable number of inspection fields which should, in 
general, yield satisfactory results. However the selection of field size and number of 
inspection fields must be related to the specific material under test, by careful 
consideration of inclusion size and density of distribution for example. It should also be 
considered that increasing the total area of inspection should yield a higher accuracy of 
prediction. 
Finally it will be noted by the reader that the above method is a two dimensional 
analysis of inclusions evident at the free surface and that, of course, prediction of fatigue 
strength of components is a problem of volumetric distribution of inclusions. Since the 
volumetric shape of inclusions is not considered, the exact value of...JAreamax cannot be 
predicted by this method alone. The three dimensional analysis of inclusions is, 
however, very difficult and therefore Murakami20 has investigated the errors incurred 
when a real three dimensional distribution of inclusions is dealt with using a two 
dimensional analysis. The result was that for a modest number of inspection areas the 
resulting error was approximately ten percent of ...JAreamax, subsequently reducing as 
inspection area increased. 
This two dimensional approach is verified in the prediction of fatigue limit of SAE9254 
spring steel19 and JIS SUP9 and JIS SUPlOM spring steels4 as referenced in Table 2.10. 
Ar1 explicit description of the method is detailed in the literature19. 
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2.4.2 IRMSE analysis of non-metallic inclusions in the test steels 
An analysis of inclusions in both test materials was performed using the recommended 
40 sample fields. This was performed for 25 specimens of each material, yielding a total 
of 1000 fields analysed of each. 
2.4.2.1 Specimen selection 
A summary of prepared sections is as follows; 
Material 'H' High Inclusion 
Sections taken from fatigue specimens 
Sections taken from additional bar 
Material 'L' Low Inclusion 
Sections taken from fatigue specimens 
Sections taken from additional bar 
1 ,2,3,4,5,9, 13,17,21 ,25,29,33,34 
159-170 
49,50,51 ,52,53,57 ,61 ,65,69,73, 77,81,82 
147-158 
Referring to Figure 2.2 and Figure 2.3, sections were cut from every specimen in bar 1 
of each test material; i.e. specimens 1-5, 33 and 34 in bar one of material H. In addition 
one section was obtained from each other material bar used. 
In order to obtain an assessment of inclusion level variation between close sections an 
additional bar of each material was sectioned at 2cm intervals; i.e. sections 147-158 and 
159-170. 
In this manner an assessment of overall inclusion distribution, including the possibility 
of variation throughout material batches, has been achieved. 
2.4.2.2 The use of image analysis 
The Quantimet 570 image analyser was used to quantify the non-metallic inclusion 
content of the two materials. Sections were cut perpendicular to the bar section and 
polished to 1 11m diamond polish. 
Analysis was performed using a x20 objective, yielding a field size of 304J1m x 304J1m. 
Each field was converted to a 512 x 512 pixel grid, yielding a resolution in excess of the 
smallest inclusion size. 
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A profile through the whole material thickness depth was performed, starting at one side 
of each specimen and traversing the section one field at a time, Figure 2.11 . 
Field 1 
Field 40 
Figure 2.11 -Showing the traversal of polished section in image analysis 
2.4.2.3 Analysis of data 
Analysis of image analysis data has been performed using the IRMSE method to 
determine the following; 
1. The validity of predicting material batch inclusion distribution from small 
samples 
2. Variation of inclusion distribution within material batches 
3. Evidence of variation in through thickness inclusion distribution in either 
material 
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37.40625 1.388 
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8.9063 23 27.90625 1.132 
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2.4.2.4 Analysis of each sample 
The data from each specimen tested was processed to provide an IRMSE prediction of 
maximum inclusion size in 50 specimens, one such complete analysis, for specimen I, 
is shown in Figure 2.12. 
Having performed such an analysis for all specimens the results have been tabulated for 
both materials and the following produced. 
I. Average value and standard deviation for all specimens sampled 
Average value and standard deviation for bar one specimens- i.e. physically 
near sections 
2. Average value and standard deviation for all specimens- i.e. physically 
adjacent sections 
Table 2.11 shows the summary for material H, test plan Figure 2.2. 
Specimen VArea Predicted 
(50 specimens) 
51 43 
S2 52 
S3 37.5 Mean Value; All specimen 47.20 ~m 
S4 28.5 Standard deviation 17.44 
S5 32 
S9 72.5 Mean Value; General specimens 50.50 ~m 
S13 36.5 Standard deviation 20.18 
S17 34.5 
S21 37.5 Mean Value; Bar One specimens 42.42 ~m 
S25 63 Standard deviation 8.76 
S29 85 
S33 42.5 Mean value; SI 59-S170 (Close specimens) 47.04 ~m 
S34 51 Standard deviation 18.72 
5159 21.5 
5160 41 
5161 32 
5162 75 
5163 63 
5164 51.5 
5165 81 
5166 22 
5167 49 
5168 37.5 
5169 44 
5170 47 
Table 2.11- lRMSE analysis summary for the 25 specimens of material H 
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Table 2.12 shows the swnmary for material L, test plan Figure 2.1 . 
Specimen .../Area Predicted (50 specimens) 
S49 44 
S50 33 
S51 33 
S52 17.75 
S53 26 
S57 24 
S61 19.5 
S65 43 
S69 38 
S73 34 
S77 15 
S81 20 
S82 63 
S147 24 
S148 14 
S149 20 
S150 27.5 
S151 45 
S152 22 
S153 12.75 
S154 23 
S155 24 
S156 23 
S157 25 
5158 19 
Mean Value; All specimen 
Standard deviation 
Mean Value; General specimens 
Standard deviation 
Mean Value; Bar One specimens 
Standard deviation 
27.58 J,Jm 
11.74 
30.44 J,Jm 
10.89 
35.13 J,Jm 
16.71 
Mean value; S147-S158 (Close specimens) 23.27 J..lm 
Standard deviation 8.1 0 
Table 2.12 - IRMSE analysis summary for the 25 specimens of material L 
The method has clearly shown the H material to exhibit greater inclusion content than 
the L material- average values for the 25 specimens of ..JArearruu=47.2 in 'H compared 
to 27.58 in 'L. This was expected since the materials were originally chosen for 
cleanliness on the basis of a short manual microscopy study. 
The first observation to be made is the large spread of prediction -./Arearruu in the 
materials, ranging from 21.5 to 85J.lm in the H material and 12.75 to 63J.lm in the L 
material. Such a spread would yield a significant range of fatigue limit prediction. 
The 'General' specimens are those taken, one from each bar (1-8) of test material and 
exhibit a large dispersion of results. These test bars have originated from anywhere 
within a two tonne reel of material and therefore might be expected to show a large 
inclusion dispersion. 
'Bar One' specimens are those originating from the first test bar, six in total. These 
show a reduction in standard deviation for material H, as expected. However this trend 
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is not reflected in material L which shows an increase in standard deviation for these 
geographically closer specimens. 
'Close Section' specimens should exhibit the lowest dispersion- i.e. that specimens 
taken from close together show less variation - and this result is confirmed for the L 
material only. 
A summary of the data is given in Table 2.13. 
General Specimens Bar One Specimens Close Specimens 
Material Mean Standard Mean Standard Mean Standard V Area ... , Deviation V Area=, Deviation V Area ... , Deviation 
H 50.5 20.18 42.42 8.76 47.04 18.72 
L 30.44 10.89 35.13 16.71 23.27 8.10 
Table 2.13 - Summary of IRMSE analysis for both materials 
Overall, for the two materials there exists no conclusive evidence of reduced variation 
in inclusion size prediction for close sections. There is a significant implication 
therefore, that prediction of inclusion size from a limited number of fields or specimens 
is not entirely reliable. It is evident that observation of a number of fields in a number of 
physically remote specimens would be more reliable. 
2.4.2.5 Analysis of the cumulative data 
In order to further test the method, the data from all fields in each specimen was 
considered as one dataset and only the largest inclusion found in each micro-section was 
used in an IRMSE analysis. Thus an analysis spanning all specimens of each material 
was performed, with each specimen considered as a single field. The results of this 
analysis, for H and L material, can be observed in Figure 2.13 and Figure 2.14 
respectively. 
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Figure 2.13 - IRMSE analysis for 'H based on the largest inclusion found in each micro-sectio11 
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Figure 2.14- IRMSE analysis for 'L based on the largest inclusion found in each micro-sectio11 
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It is thus observed that the prediction of largest inclusion size has significantly increased 
for both materials, as summarised in Table 2.14. These figures correspond well to the 
largest prediction figures of the individual specimen analyses for each material from 
Table 2.11 and Table 2.12 for the Hand L materials respectively. 
Mate ...J Area,.., - Average result V Area ... , - Single analysis of VArea1113 , - Maximum from individual analysis of prediction from 25 
rial 25 specimens data from 25 specimens individual specimen analyses 
B 47 78 85 
L 28 52 63 
Table 2.14- Comparison ofiRMSE analyses 
Validation for these results come in the form of fracto graphic analysis of fatigue failures 
in the two materials, Chapter 4. 
2.5 Residual Stress Analysis 
Residual stress analyses were obtained by a hole drilling method, according to 
Hattingh106 using the Kockelman method. 
The measurement of residual stress by this method is achieved by attaching a circular 
strain gauge rosette to the circumferential surface of the specimen and incrementally 
drilling a small hole at the centre of the rosette, in this case at 0.1 mm steps. As the hole 
becomes deeper, the residual stresses at the centre of the gauge are released and are 
reflected in an ellipsoid strain registered by the gauge. The method is shown 
schematically in Figure 2.15. 
7777777 
< > 
Tensile Residual 
Stress 
Hole drilled 
Stress relaxation from 
material removed 
Figure 2.15- Schematic representation of residual stress measurement by the hole drilling method 
Principal strains and their directions are subsequently converted into residual stress 
values. 
The complete theory of the method is beyond the scope of this thesis but is adequately 
detailed in the literature. 
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2.5.1 Residual stress results 
The residual stress measurements were performed by Dr D.G. Hattingh at the Port 
Elizabeth Technikon, South Africa. 
The measurements were performed upon surfaces which were processed alongside 
fatigue specimens and surface finished using identical grinding and polishing processes. 
No difference was observed in the residual stress profile between the materials. An 
average profile is presented in Figure 2.16. 
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Figure 2.16 - Residual stress profile for the fa tigue specimens 
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3 Experimentation and Data 
The experimental planning method adopted in devising the test work assumes the use of 
identical specimens but accommodates other experimental noise variables, for example 
differences between test machines. In reality it was found that, despite the specification 
of manufacturing tolerances and process parameters for the specimens, significant 
differences in final specimen dimensions existed. This has rendered subsequent testing 
and analysis of results very complicated. 
3.1 Experimental problems 
The rotating bend fatigue specimens were CNC turned to a nominal diameter of 6.5mm 
but it was found that final waist diameters varied between 6.4mm and 6.8mm 
approximately. In addition it was noted that some eccentricity of the waist, in relation to 
the axis of the specimen, was apparent. It would seem that the latter factor subsequently 
led to a permanent deflection of all specimens during heat treatment, to the extent that 
some specimens exhibited a rotational eccentricity, at the point ofload application, of 
several millimetres. 
3.1.1 Waist diameter variation and the correction of stress levels 
Direct correction of test stress levels was made for each specimen via correction of 
fatigue loading applied. The dimensional order of variation of waist diameter is not 
considered to be significant in terms of size factor considerations, therefore the effect of 
this waist diameter variation can be disregarded once corrected; the major consequence 
being the inconvenience of altering applied loading between tests. 
3.1.2 Waist non-concentricity 
By observation of the final specimens it is evident that the waist position of most 
specimens was incorrect in relation to the axis of the specimen, this is shown in Figure 
3.1. It can be seen how the unequal arc length on opposite sides of the specimen leads to 
a diagonal shoulder where waist arc meets the outside diameter of the main bar. 
L------__....t:---::1 
lE >I Minimum Arc 
Length 
Figure 3.1 - The visible effect of waist non-concentricity 
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As an individual factor it is most likely that waist non-concentricity to the degree 
observed would have little effect upon fatigue test results, at least for the small 
displacements, approximately O.lmm, exhibited. However this factor has proved rather 
more insidious than it at first seems since, when considered in combination with the 
permanent deformation exhibited by most specimens, it becomes clear that the two 
factors are strongly linked as described below. 
3.1.3 Specimen permanent deformation 
All finished specimens have proved to some degree to exhibit a deformation resulting in 
a rotational eccentricity 28 at the point of load application. This eccentricity can be as 
large as 4mm in exceptional cases as shown in Figure 3.2. 
Specimen 
P=O 
Specimen 
Eccentricity 
I) 
Figure 3.2 -Run-out at load point of load application due to specimen deflection 
It has been observed that the orientation of the plane of curvature is consistently linked 
to the position of the minimum arc length and it is therefore concluded that the 
curvature is a consequence of waist non-concentricity in post heat treated specimens. 
3.1.3.1 Dynamic analysis of specimen curvature effects 
Eccentricity at the point of load application was measured for each specimen using an 
LVDT with a resolution ofO.Olmm,which corresponds to 0.5% of rotational eccentricity 
for the average specimen. 
In order to assess the stress effects of the eccentricity it is necessary to establish the 
dynamic response of the system. This was achieved, as shown in Figure 3.3, by placing 
two accelerometers, one on the specimen loading point and another on the hung mass 
(applied fatigue load). 
The vibration analysis was performed with specimens from both materials and on each 
test machine. The specimens tested exhibited a total eccentricity of0.95mm and 
3.00mm and both were tested at loads of250N and 300N (corresponding to the range of 
applied testing loads) respectively. Figure 3.4 and Figure 3.5 show the results of two 
such analyses. 
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3000 RPM 
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Bruel and Kjaer Frequency Analyser 
Figure 3.3- Assessment of dynamic response due to specimen end eccentricity 
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Figure 3.4- Analysis of system dynamic response, Fundia (H) material, fatigue M/C 2, P=300N, 
specimen 32, total eccentricity=3mm 
Referring to Figure 3.4- an analysis of a material H specimen at 300N load on test 
machine 2 - it can be seen that at test speed of approximately 50Hz the load application 
point ofthe specimen describes a vertical displacement of2.32flm at I 5584Hz, whilst 
the applied mass P has displacement 4.22flm at the same frequency and in phase. Thus 
it can be concluded that, at test speed, the loading system is essentially static in the 
direction of loading. 
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Figure 3.5 - Analysis of system dynamic response, Cardiff Rod (L) material, Fatigue M/C 1, 
P=250N, Specimen 96, total eccentricity=0.95mm 
From Figure 3.5, the analysis of a material L specimen at 250N load on test machine 1, 
it is seen that the result is virtually identical to the previous case. This proves to be true 
independent of test machine, specimen type or load applied. 
3.1.3.2 Stress correction due to dynamic response 
It has thus been proven that the dynamic response of the system is such that the 
specimen loading point remains essentially at rest whilst the specimen is rotating at test 
speed. This means that the eccentric motion at the point ofload application is effectively 
eliminated by the system dynamic response during the test and that no unplanned 
oscillating dynamic loads are imposed. A mean stress will, however exist due to the 
effective straightening of the specimen in testing. Figure 3.6 shows the unloaded 
specimen in the "zero degree" position. 
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Figure 3.6 - Unloaded fatigue specimen in the oo position - rotationally static condition 
The dynamic effect of specimen curvature can now be considered as an additional 
tensile stress applied to the waist at the inside of the specimen curvature and a 
compressive stress added to the outside of curvature; this stress being equivalent to an 
end deflection of half the total end run-out. 
The static stress-deflection relationship for the hourglass specimen geometry was 
modelled using a stepwise calculation within an Excel worksheet. Using an L VDT with 
resolution ofO.Olmm this was compared to a load-deflection test and was found to give 
results within 6% at high loads. 
Therefore a good assessment of the additional stresses due to specimen curvature can be 
obtained via measurement of run-out for each specimen. Half of this run-out is 
substituted into the Excel worksheet to determine the stress correction. 
Figure 3.7 illustrates the correction of stress for specimen curvature in terms of the 
applied stress range and mean stress for each side of the specimen. 
Dynamic oo position 
Inside of curvature 
p 
Dynamic 180° position 
Expected specimen 
set 
cr outside = O"basic - cr t. 
O"inside = - O"basic + O"t, 
/ Inside of curvature 
c-7 ::] ----'%-==,_j_ 
--==-----fT 
Expected specimen 
set 
Outside of curvatur cr outs ide = - O"basic - cr t. 
p 
O"inside = O"basic + O"t, 
Figure 3.7- Addition of stresses due to dynamic straightening of the fatigue specimen 
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The results of this analysis can thus be simply summarised; 
8cr; = 2crm 
8cro = 2crm Where 
crmean-i = crs 
crmean-0 = -crs 
It is thus concluded that the stress range at all points remains equal, whilst the material 
at the inside of curvature undergoes a mean tensile stress equal to the static stress 
correction from the stress-deflection relationship and calculated via the Excel 
worksheet. Material at the outside of curvature undergoes a compressive mean stress. In 
the most severe cases of specimen preset a mean stress shift of around 400MPa is 
predicted whilst in general a shift of 1 OOMPa is expected. 
It had originally been intended to present an SIN relationship with mean stress set at 
zero (fully reversed bending). Having determined the dynamic response of the imperfect 
fatigue specimen and analysed the implications of the imperfection upon the effective 
stress range it is necessary to modify the applied loading in order to present some 
meaningful stress-life relationship. 
A useful method of presenting such data was found in the work of Smith, Watson and 
Topper107, who presented the following formula for comparison of fatigue data with 
varying mean stress; 
Parameter SWT = ...J ((am:~.l2)( CJ1112,-CJmin)) Eq.[71] 
This function is used as correction to obtain a presentable stress life curve and has been 
proven in this work to be a valid correction method. 
3.2 Implications of Specimen Imperfections 
It will be seen in section 3.3 that despite the severe experimental problems previously 
described a discernable stress life relationship has been determined. This relationship 
has been significantly enhanced by the application of corrective measures and the 
adoption of a measure of applied stress which accommodates a non-zero mean stress. 
In actuality the careful experimental planning exercised was to a large degree wasted but 
the most serious impact was discovered when attempting crack growth measurement 
and the task of testing for fatigue limit determination was commenced. 
3.2.1 Implications on crack growth measurement 
Fatigue crack growth rate measurements were planned using the plastic replica 
technique to track the different stages of crack propagation. This involved the 
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interruption of each test at intervals to take replicas and to do so it is necessary to run 
the test to a stop with load applied and, subsequently, to restart the test with load 
applied. If this is not done then significant extra cycles accumulate with little or no load 
applied. Such interrupted testing was not possible in this case since, in addition to the 
steady state characteristics of the revolving system, it was necessary to consider the 
transient response exhibited by the system on start up/run down. For these few cycles 
the system was observed to oscillate at the amplitude of the specimen end deflection in a 
violent manner, thus upon the first observation of a visible crack the specimen often 
failed immediately on the next start up. In addition these results were observed to 
diverge significantly from the continuous-test stress/life data. 
Some limited data was obtained and progressive crack growth to failure noted. 
Propagation data for two specimens is displayed in Figure 3.8, the regions of crack 
initiation, linear growth and final accelerated growth are clearly evident. 
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Figure 3.8 - Crack growth rate plot; High inclusion steel, Specimens 1 and 6 
The test of specimen 1 was performed at a nominal stress of 11 OOMpa, the specimen 
exhibited a total eccentricity of 1.13mm which is calculated to have yielded an 
additional stress of97MPa to one side ofthe specimen. 
The test of specimen 6 was performed at nominal stress of 1 OOOMPa, the specimen 
exhibited a total eccentricity of 0.68mm which is calculated to have yielded an 
additional stress of 60MPa to one side of the specimen. 
In general the fatigue lives of growth monitored specimens was found to be unnaturally 
short and these tests were suspended. Subsequent, uninterrupted, tests were run at full 
speed prior to load application, thus eliminating the violent resonance of startup with 
load applied. 
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3.2.2 Implications on fatigue limit determination 
At high stress levels the shift in mean stress generated by specimen deformation is 
generally small with respect to applied stress. As an example specimen 1 experiences an 
applied stress of 11 OOMpa and an additional 97MPa due to deformation. 
At the high stress levels of specimens 1 and 6 the additional stress is not severe, whilst 
at lower stress levels, close to the fatigue limit, the additional stress can be significant 
with respect to applied stress. 
3.3 Results 
3.3.1 Fatigue life vs. basic applied stress 
Nominal applied stress, cra, vs. life, Nr, data obtained for both materials is shown in 
Figure 3.9. 
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Figure 3.9 -Plot showing raw fatigue data obtained from materials of high inclusion level (B) and 
low inclusion level (L) 
Whilst a distinct relationship is observed it is important to determine the effect of the 
specimen imperfections for each specimen. The resulting data, corrected for stress level 
at the waist is shown below. 
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3.3.2 Fatigue life vs. PSWT - Corrected for specimen deflection 
The data was modified using the 'PSWT' formula of equation [71 ], plotting PSWT vs. 
fatigue life a much improved stress life curve is observed. 
Nf vs. PSWT - Stress corrected for specimen 
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Figure 3.10- Plot showing fatigue data corrected for specimen deformation; obtained from 
materials of high inclusion level (H) and low inclusion level (L) 
It is now clearer that the expected result of the cleaner material exhibiting an enhanced 
fatigue response has been observed. This is especially clear when the tensile strengths of 
the materials are considered, the low inclusion material exhibiting a 5% lower tensile 
strength than the high inclusion material. 
3.3.3 Selection of the correction method 
The data presented in Figure 3.9 and Figure 3.10 was analysed in more detail by 
breaking the data for each material into short lifetime (Low cycle fatigue, LCF) and long 
lifetime (High Cycle Fatigue, HCF) data. Referring to these figures a distinct knee 
occurs at around 105 cycles, signifying a transition from LCF to HCF. 
The SIN data for each material in both fatigue regimes has been approximated by a 
curve using linear regression. The goodness of fit ofthe data to each curve has been 
assessed using the R2 value. 
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Figure 3.11 shows the curve fit to data for the high inclusion material in the low cycle 
regime using the nominal stress at waist data. The process was repeated for both 
materials in both regimes and the PSWT correction was assessed in comparison to the 
nominal data. In addition a third correction was introduced which assessed the stress 
local to the origin of the fatal fatigue crack as a function ofPSWT. 
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Figure 3.11 -Assessment of the fit of fatigue data by linear regression, H material in low cycle 
fatigue regime 
The results for these analyses are given in Table 3.1 where the R2, the coefficient of 
determination, lies between 0 and 1, with 1 representing a perfect fit to the data. 
Material H Material H Material L Material L 
Material H Deflection Failure Material L Deflection Failure 
Nominal Corrected Position Nominal Corrected Position 
Stress Data Stress Data Corrected Stress Data Stress Data Corrected 
(PSWT) Stress Data (PSWT) Stress Data (PSWT) (PSWT) 
High Cycle 0.3758 0.3843 0.3984 0.3684 0.4349 0.2479 
Low Cycle 0.6112 0.713 0.595 0.0112 0.1629 0.3223 
Table 3.1 -Coefficients of determination R2 for curve fits to fatigue data 
It is therefore shown that the modifications to stress levels by the PSWT method have 
consistently improved the fit of experimental results to curve fits if the data is corrected 
for specimen deflection only. The validity of correction to the failure position on the 
specimen is inconclusive, having yielded improvements in two cases but deteriorations 
in the other two cases. 
In the case of LCF in the L material the R 2 values indicate that correction of stress to the 
failure position gives the most accurate determination of the SIN relationship. However 
it should be considered that this conclusion is based upon very few test data (which 
explains the low values ofR2 for this case overall). 
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In the case ofHCF in H material there is insignificant difference between the 
coefficients of determination for the three cases. 
Figure 3.12 summarises the straight line fit for the SIN data corrected for PSWT at the 
specimen waist due to specimen eccentricity. Solid data points represent fatigue run-
outs. 
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Figure 3.12- Plot of data for all fatigue tests with fit curves for high and low cycle fatigue in both 
materials 
The same plot is presented in Figure 3.13 with the data corrected also for the position of 
the fatigue failure along the specimen length. Solid points again represent fatigue run-
outs but in this case the PSWT at specimen waist has been used as the stress variable. 
It is observed that the low inclusion material exhibits superior fatigue performance to 
the high inclusion material, particularly when it is considered that the UTS of the L 
material is lower than the H material by approximately 5%. 
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Nf vs. PSWT - Corrected for Failure Position 
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Figure 3.13 - Plot of data for all fatigue tests, corrected for PSWT at failure position, with fit curves 
for high and low cycle fatigue in both materials 
The stress (PSWT) data corrected for failure position will be used for analysis purposes 
in chapter 4 of this thesis. It will be convincingly demonstrated that the use of the 
PSWT modification and the correction of stress for failure position are both valid steps 
in the accurate consideration of individual fatigue data. 
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4. Fractograpby of Fatigue Failures 
The source of fatigue initiation for a given failure was, in general, readily determined by 
a combination of optical and scanning electron microscopy. This was true to a lesser 
extent in the low inclusion level material where several fatigue failures could only be 
attributed to 'inconclusive' or intrinsic mechanisms such as slip band formation or 
initiation at a grain boundary. This is fully consistent with the aim of the experiment. 
Failure types can be grouped in a number of ways. For example, by position of initiator, 
by depth or linear position in the specimen, or by type of fatal inclusion in terms of 
composition or morphology. Some statistical observation is given in section 4.2 which 
analyses the failure causes, relationships to applied stress, distribution of fatal inclusion 
sizes and so forth. 
A qualitative analysis of inclusion types observed is given below. 
4.1 Qualitative Analysis of Fatigue Initiations 
Fatigue cracks were observed to initiate at a number of different types of inclusion in 
terms of inclusion position and morphology. 
Zero failures were observed at such defects as laps, seams or heat treatment induced 
microcracks since these features, which are widely observed in spring component 
failures, are removed during manufacture of the specimen. 
All fatal inclusions observed were of the hard varieties and were analysed using EDX 
analysis to yield plots of which Figure 4.1 is an example. This shows clearly that the 
inclusion, shown inset, was composed of aluminium and calcium with oxygen, being a 
light element, obscured by the closure of the beryllium window in this case. So it is that 
for all failures originating at an inclusion, compositions Ah03 and CaO are observed. 
In general fatal inclusions were found to be spherical in shape with only one or two 
occurrences of jagged morphologies. Murakami, Duckworth et aJI 5 showed that jagged 
inclusions would exhibit a slightly shorter fatigue life in comparison to spherical 
inclusions of the same composition due to a shorter initiation life. No difference is to be 
expected in the fatigue limit at spherical and jagged inclusions since fatigue limit is a 
condition of non- propagation of an existing crack and is controlled by 'I/ Area of the 
inclusion only. 
Having determined that all fatal inclusions have the same chemical composition it is 
now necessary to subcategorise the inclusion types and this can be done as follows, 
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Surface breaking - Figures 4.2(a)-(d) 
Surface touching- Figure 4.3(a)-(c) 
Subsurface - Figures 
- General4.4 
- Fisheye 4.5(a)-(d) 
We now have four categories of which the fourth is a subcategory of subsurface 
inclusions, this is the fisheye inclusion. Fisheyes are related to hydrogen embrittlement 
which in turn is a symptom of a poor heat treatment process. It is noted that in the work 
ofMurakarni et al all failures were of fish-eye morphology whilst in development tests 
of suspension spring components by the current author zero failures were found at 
fisheyes. In the current work some fisheyes were observed but the large majority of 
failures were from non-fisheye initiators. 
A 
t c 
a 
Figure 4.1 - EDX plot showing typical composition of fatal inclusions 
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(a) Specimen llH, PSWT waist 1023. 
"Area 18.8, Nr 25495 
(c) Specimen 30H, PSWT waist 1005Mpa, 
"Area 19.58, Nr 32900 
(b) Specimen 12H, PSWT waist 
1150Mpa, 
"Area 21.2, Nr 16008 
(d) "Area 18.5, Nr55586 
Figure 4.2- (a)-( d) Showing fatal surface breaking inclusions 
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(a) Specimen 4H, PSWT waist 836.96Mpa, 
..JArea 29.2J.1m, Nr 61659 
(c) Specimen 9H, PSWT waist 1200.4Mpa, 
...JArea 20.4J.1m, Nr32900 
(b) Specimen 7H, PSWTwaist 
985.7Mpa, 
...JArea 22.l5J.1m, Nr 24861 
Figure 4.3- (a)-( c) Scanning micrographs showing fatal surface touching inclusions 
Specimen ISH PSWT waist 8343Mpa, 
...JArea40.77J.1m, Nr287581 
Figure 4.4 - Scanning micrograph - fatal subsurface general inclusion 
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(b) Specimen 24H PSWT waist 855.4Mpa, VArea 75J.1m, Nr 1,059,139 
(d) Specimen 86L PSWT waist 848.6Mpa, VArea32.8J.1m, Nr 184508 
Figure 4.5 - (a)-( d) Scanning micrographs and optical microscopy showing fatal fisheye inclusions 
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4.2 Quantitative Analysis of Fatigue Initiations 
Table 4.1 shows a comparison, between high and low inclusion materials, of the general 
fatal features observed in the tests. Run out indicates that specimens endured greater 
than 107 cycles at the prescribed stress. 
Fatal feature 
Run Out 
Non-metallic inclusion 
Indeterminate/intrinsic 
Surface mechanical defect 
High Inclusion Material 
5.3% 
92% 
2.7% 
0 
Low Inclusion material 
28.5% 
32.25% 
32.25% 
7% 
Table 4.1 -Comparison between fatigue initiation sources in the two materials tested 
It is thus clear that non-metallic inclusions are more influential in the fatigue limit of the 
high inclusion material and have played a very significant role in preventing attainment 
of fatigue limit. 
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4.2.1 Analysis of fatal inclusion depth 
The depth position of fatal inclusions is shown in Figure 4.6, separately for each 
material. It is clear that the most critical position within the specimen is at the surface, 
66% of initiations occurring here in the H material and 75% in the L material. 
Column plot showing the distibutlon of fatal Inclusions in the 
High Inclusion material 
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Figure 4.6. Showing distribution of initiator depth in the (a) H material (b) L material 
These observations are consistent with expectation for the following reasons, 
1. The rotating bend test yields a stress gradient at the material surface, therefore 
creating a higher stress range on the surface than the interior 
2. The material has been shown to exhibit reduced surface hardness due to 
decarburisation, thus presenting a minimum fatigue strength at the surface 
Table 4.1 shows that 92% offailures could be traced to initiation at non-metallic 
inclusions. The reduced number of surface initiations in the high inclusion material is 
caused by the large inclusions in this material providing the critical locations for fatigue 
initiation. 
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4.2.2 Analysis of failures by fatal inclusion size 
The size distribution of fatal inclusions observed in each material is displayed in Figure 
4.7 where -/Area is the measure of inclusion size. 
In chapter 2 it was quantitatively shown by image analysis that the H material is less 
clean both in terms of numbers and size of inclusions. The L material shows a small 
number of fatal inclusions in the 10-30j..Lm size range and two at around 50j..Lm. By 
comparison the H material shows much higher levels of inclusions throughout the size 
range with maximum sizes exceeding -/Area=90j..lm. Many of the larger inclusions were 
sufficiently larger than the average inclusion size such that the fatal initiation occurred 
subsurface at such inclusions. 
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4.2.3 Analysis of failure deviation from specimen peak stress point 
The stress profile for fatigue specimens is repeated from section 2 in Figure 4.8. The 
abscissa here is denoted as the linear distance from the specimen loading point and 
therefore the specimen waist is denoted as the 1 OOmm mark. However in the subsequent 
discussion the 40mm-from-chuck position is the specimen waist. 
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Figure 4.8 - Specimen stress profile 
It is seen that the specimen peak stress does not actually correspond with the minimum 
waist diameter, instead falling 2mm closer to the chuck, at the 1 02mm from load point 
(or 38mm from chuck) position. 
Figure 4.9(a) and Figure 4.9(b) show the distribution of failure position for the Hand L 
materials respectively, with position being specified with respect to the chuck. It is to be 
expected that most failures will occur within the highest stress region and both materials 
have shown a tendency toward failure not at 38mm but 1mrn closer to the chuck at 
37mm. 
50% and 40% of failures occur within the region of 35-39mm for the H and L materials 
respectively. 
Murakami assumes that the critical material region - i.e. where failures are expected to 
occur - can be described as that where stress level exceeds 90% of peak. In this study 
the range for this condition is from approximately 31 to 45mm from the chuck, as 
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shown in the dotted line segment of Figure 4.8. Broadly speaking it is seen that this 
assumption is valid, with a few exceptions. 
If failures which occur outside ofthe specified 90% peak stress are closely examined it 
is often observed that a significant defect size has lead to premature failure at that point. 
This tends particularly to be the case for the H material which has proven to contain 
some inclusions of sizeable proportions. 
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Figure 4.9- showing position of failures from chuck for (a) high inclusion, (b) low inclusion 
materials 
Table 4.2 presents detail of some fatigue failures which occurred well outside of the 
high stress region in the H material. 
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Specimen Material Position (from Specimen waist PSWT at failure ...JArea fatal 
chuck, mm) PSWT (Mpa) (Mpa) inclusion (!Jm) 
23 H 27 806 635.95 31 + 20 
27 H 48.5 852 665.4 54 
39 H 45.9 723 641.8 72.8 
48 H 29.9 845.4 746.9 81.5 
Table 4.2 - Specimens which failed outside of the expected zone due to very large inclusion presence 
Figure 4.1 0, detailing a regularly encountered inclusion size, is included as comparison, 
to contrast the size of the fatal inclusions of the above specimens. Some fracto graphic 
analyses of these failures is shown in Figure 4.11(a)-(d). 
Figure 4.10- Failure in Specimen 11 showing a 25J.1, diameter 8J.1m surface breaking inclusion pit 
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Figure 4.11- Fractography offatal inclusions; (a) Specimen 23 (b) Specimen 27 (c) Specimen 39 (d) 
Specimen48 
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4.2.4 Analysis of failures by position on SIN curve 
Observation of failure initiation by position on SIN curve reveals some definite 
relationships. Referring to Figure 4.12 and Figure 4.13, SIN curves for each material 
showing detail of fatal inclusion position it is seen that a definite grouping of failure 
exists by stress level. 
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Figure 4.12 - SIN curve for High inclusion material showing detail of fatal inclusion position 
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Figure 4.13 - SIN curve for Low inclusion material showing detail of fatal inclusion position 
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It is observed from this analysis that the distribution of fatigue origins within each 
material lies within specific bounds of fatigue life and this is due to the interaction 
between the non-metallic inclusion distribution and applied stress gradient. 
At high stress levels the stress gradient within the material is very steep and dictates that 
surface and near surface inclusions are under a significantly higher stress range than 
interior inclusions. Therefore both materials exhibit failures from surface and subsurface 
locations only in the LCF regime. 
In the L material some failures occurred at indeterminate surface sites with a small 
amount at surface scratches. 
As the applied stress (and stress gradient) is reduced, the importance of the subsurface 
stress level emerges for both materials and interior initiations begin to occur at 
favourable sites around large inclusions. 
Murakami's method is based upon the precept that fatigue limit is ultimately governed 
by the presence of subsurface inclusions- those which are situated either very close to, 
or touching, the free surface. In the H material there exists an abundance of large sized 
inclusions and those at the subsurface begin to control fatigue performance as the 
applied stress approaches the fatigue limit, at lives greater than I os cycles. 
This is not the case for the low inclusion material for which less fatigue cracks were 
initiated at inclusions overall. As the applied stress is reduced toward the fatigue limit 
for this material (beyond about 1 os cycles) the incidence of subsurface failures ceases 
because the intrinsic initiation mechanism due to the local decarburisation softening 
becomes governing. None of the surface failures in this material with lives greater than 
1 os cycles occurred from non-metallic inclusions, all were from intrinsic mechanisms. 
Referring to Table 4.1 it is clear that non-metallic inclusions do not dominate the fatigue 
performance of the L material. This does not indicate that the inclusion distribution is 
non-damaging but does show that the distribution of inclusions is such that the 
mechanism of fatigue initiation at inclusions is in competition with other, equally 
potent, initiation mechanisms. 
This is consistent with the work ofMiller68 who postulates the elimination of the stage I 
to stage II transition at non-metallic inclusions shown in Figure 1.23. The elimination of 
one or more of the microstructural barriers in a heat treated steel observed by Murtaza 
and Akid64 would serve to reduce the (microstructurally short) fatigue crack growth life 
and thus to promote early formation of dominant cracks from non-metallic inclusions. 
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5. Analysis of Results 
The following section compares the results obtained by experiment to the four models 
identified in the literature survey. 
Three of the models serve to predict fatigue limit from limited microstructural 
observation. 
1. Murakami's method 
- Inclusion rating method by statistic of extreme values (IRMSE) 
- V Area Parameter Method 
2. Kurahari's modification to the V Area Parameter Method 
3. Gustavsson and Melanders' fatigue limit prediction model 
The fourth model assessed is the fatigue crack propagation life prediction method of 
Goto and Nisitani. 
Each of these models is assessed quantitatively, compared to experiment, and comment 
on the practical use of the techniques by the practising engineer is also made. 
5.1 Murakami's Method for Fatigue Limit Prediction 
Murakami's method consists of two parts, probabilistic prediction of maximum 
expected inclusion size for a specified number of specimens (IRMSE analysis), coupled 
with a prediction of fatigue limit for that inclusion size (V Area Parameter Model). 
Therefore the method must be assessed in two ways, 
1. Observation of size of fatal non-metallic inclusions in comparison to values 
predicted by IRMSE 
2. Analysis of failure stresses with respect to observed fatal inclusions and 
comparison of actual and predicted fatigue limit 
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5.1.1 Assessment oflnclusions Rating by tbe Statistics of Extreme Values 
A total of 35 successful fatigue tests were achieved in the high inclusion material whilst 
32 were attained in the low inclusion material. These figures are therefore used to 
predict -1Areai11JIJ< for fatigue limit prediction of each material. 
As discussed in chapter 2 a number of field options have been used in the inclusions 
analysis and each of these will be compared to the observed fatal inclusions. 
In addition to the field options already discussed an additional option was also 
introduced. All specimens were analysed over their whole surface manually and the 
largest inclusion observed on the entire surface of each was measured and recorded. An 
IRMSE analysis was conducted for each material which consisted of this largest 
inclusion from each microsection. 
The results of the IRMSE analyses, for the relevant number of failed specimens in each 
material are given in Table 5.1. 
~Areamu Single 'lA ream,. Analysis of 25 specimens ~Aream., Analysis of the maximum 
Material analysis of all data using the single maximum inclusion sizes found by complete 
from 25 specimens inclusion size found in each. manual analysis of 25 specimens 
H-35 47.37 64.8 142.5 Specimens 
L-32 33.13 
Specimens 
43.64 95.94 
Table 5.1- Summary of IRMSE analyses for H material (35 specimen prediction) and L material (32 
Specimen prediction) 
The maximum inclusion sizes observed as fatal initiations in the two materials are; 
-fAreamax = 81.5)lm2 for material H 
-fAreamax = 44.3)lm2 for material L 
It is therefore clear that the closest comparison between observed and predicted data has 
been modelled by performing an IRMSE analysis on only the largest inclusion found, by 
image analysis, in each of the 25 micro-sections of the materials. Each micro-section 
was assessed for 40 fields by image analysis and the largest inclusion subsequently 
observed in each specimen (40 fields) was used in an IRMSE analysis ofthese 25 
largest inclusions. 
It is clear that predictions of the correct order have been achieved, with errors of -20% 
and -1.5% for the high and low inclusion materials respectively. The effect of this 
prediction error should be considered with respect to the effect of the size prediction on 
the fatigue limit prediction- in which the -iAreamax is reduced to the 61h power. Now 
the error reduces to 3. 7% and 0.25% offatigue limit respectively, assuming the -iArea 
Parameter Method to be valid. 
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Considering the results of the manual 'full specimen surface' assessment, errors of 
90%(H) and 116%(L) are observed for ..JAreamax· Again these yield a reduced error 
within the ..JAreaParameter Method, but to a conservative, -9% and -23.2% 
respectively. 
Thus the IRMSE analysis is adequate to obtain a realistic assessment of endurance using 
the ..JArea Parameter Method. IRMSE can, of course, also be used in conjunction with 
any model which uses maximum inclusion size as a parameter for prediction although 
care should be taken to assess the order to which prediction error affects the result. 
5.1.2 Assessment of the ..JArea Parameter Method -comparison to observed 
experimental fatigue results 
Experimental fatigue results can be readily checked against the model by fractography. 
The measure of expected failure at a given stress is the ratio of applied stress to 
predicted endurance stress, cr' lcrw, and this is used to assess the model validity- failure 
only being expected when cr' lcrw exceeds unity. 
The results are analysed below using both the basic applied waist stress and the PSWT 
at the initiator- as explained in section 3.3. 
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5.1.2.1 Assessment of the method using the fatigue data with uncorrected (basic) 
applied stress-at-waist values 
The fatigue data obtained is summarised in Table 5.2, Figure 5.1 and Figure 5.2 . 
Spec# Nf ..JArea Depth of Nominal stress at waist Murakami predicted 0'/0w 
rum) source (mm) (Mpa) endurance (Mpa) 
I 16008 21.20 0 1099.23 666.2 1.65 
3 2479184 34.12 0.3 152.24 671.4 1.12 
4 61659 29.20 0 800.39 622.5 1.29 
5 11967 19.50 0.003 1100.92 666 1.65 
7 24861 22.15 0 926.54 651.8 1.42 
9 11101 20.40 0 1100.4 661.1 1.66 
11 25495 18.85 0 925.15 679.3 1.36 
12 64400 25.45 0 833.23 645.1 1.29 
13 10000 12.72 0 1099.35 725.6 1.52 
15 287581 40.77 0.01 747.43 651.7 1.15 
16 48945 36.63 0 834.47 606.5 1.38 
18 56671 18.85 0 950.14 679 1.4 
19 54143 26.91 0 750.99 640.2 1.17 
21 10100 13.66 0 1099.35 661.56 1.66 
23 9505516 31.02 0.002 750.51 616.5 1.22 
24 1059139 75.00 0.04 803.8 588.7 1.37 
25 14900 24.80 0 1100.27 639.9 1.72 
21 1587021 54.00 0 747.62 562.1 1.33 
29 14013 9.10 0 1097.49 767 1.43 
30 32900 19.58 0 949.53 684.7 1.39 
31 567146 35.50 0 149.24 602.9 1.24 
34 9572486 Run-out 694.1 1048 0.66 
35 49750 26.05 0 867.25 643.7 1.35 
36 14034867 Run~out 750.58 1048 0.72 
37 56400 50.00 0 804.22 569.3 1.41 
38 513939 25.10 0.004 760.93 703.8 1.08 
39 1613624 72.80 0 709.55 542.35 1.31 
40 787800 16.00 0.002 784.76 688.39 1.14 
41 26693 28.40 0.002 797.74 625.61 1.28 
42 15932 19.50 0 809.85 666.1 1.22 
43 25050 22.00 0 802.61 652.8 1.23 
44 26693 32.80 0.11 797.74 675.74 1.18 
45 95212 19.50 0.002 762.35 666.1 1.22 
46 128276 75.30 0.05 802.61 588.34 1.36 
47 126352 35.40 0 799.02 602.94 1.33 
48 174287 81.50 0.15 797.74 582.72 1.37 
49 13849 9.90 0 1099.58 739.7 1.49 
51 10663582 Run-out 749.48 1021.1 0.73 
53 10000 7.66 0 1099.52 772 1.42 
55 337644 20.00 0 748.96 657.9 1.14 
56 709493 21.60 0 802.51 649.5 1.24 
57 20483 10.00 0.005 1102.13 728.2 1.51 
58 55586 29.60 0 951.04 616.3 1.54 
63 10189525 Run-out 752.71 1021.1 0.74 
65 34495 21.00 0 1100.82 652.6 1.69 
66 16000 22.15 0.045 950.62 705 1.35 
67 12135609 Run-out 751.28 1021.1 0.74 
68 52315 44.30 0 804.59 568.2 1.42 
69 12598 20.00 0 1100.07 657.9 1.67 
71 14057918 Run-out 749.39 1021.1 0.73 
73 25905 10.30 0 1099.63 734.9 1.5 
74 77500 13.50 0 949.28 694.4 1.37 
75 13661201 Run·out 0 152.26 1021.1 0.74 
77 10081 25.10 0.005 1100.31 688.3 1.6 
78 75700 950.94 660.9 1.2 
80 191400 806.43 677 1.18 
81 145878 750.91 1021.1 0.89 
86 184508 32.80 0.105 791.6 
88 7763335 28.40 0.137 797.46 
90 9906689 Run-out 790.16 1021.1 0.89 
1021.1 11774073 Run-out 779.81 1021.1 0.82 
95 25141110 Run-out 784.4 1021.1 0.81 
Table 5.2- Summary of data -Nominal (basic) waist stress compared to Murakami method 
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Figure 5.2 - Relationship between Nf to the ratio CJ00mfCJw for the low inclusion material 
Reference to Figure 5.1 and Figure 5.2 shows that the model is predicting fatigue limit 
correctly and that when applied stress cr'is less than the Murakami derived fatigue limit 
crw then run out occurs. 
In cases where failure has been found to not occur at a non-metallic inclusion a faceted 
feature, perhaps a weak grain boundary, has been observed. It has been assumed by the 
author that a crack from such a feature acts in exactly the same manner as a crack from a 
non-metallic inclusion and therefore the facet has been measured and treated in exactly 
the same manner as a non-metallic inclusion, using the --.IAreaParameter Method. These 
data have not been differentiated from surface inclusion related failures and individual 
analyses of the results show that treatment of failures in this manner is valid. 
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Significantly more high cycle failures (and less run-outs) are observed in the high 
inclusion material and this is consistent with the theory of fatigue limit being inclusion 
controlled. 
All fatigue run-outs are observed to occur at an applied stress lower than the predicted 
fatigue limt. 
5.1.2.2 Assessment of the method using the fatigue data with applied stress values 
corrected for position of failure 
The stress a' seen by any given point within a specimen is, of course, dependent upon 
its position. This is especially the case in these tests where additional stress, due to 
specimen imperfections, have had to be considered. 
As described in section 3.3 it has been shown that correction of stress using the PSWT 
parameter to correct mean stress has proved useful in the correction of results. 
Assessment of the validity of the PSWT at waist in comparison to the fatal inclusion 
position were inconclusive w~en assessing the SIN curve fit only, as discussed in 
section 3.3.3. When assessing individual data points in the following analyses it was 
observed that correction for the local stress at the fatal inclusion yielded a conclusively 
better fit to the models. The data corrected for PSWT at the fatigue initiation is therefore 
adopted throughout the following analysis. 
The relevant corrected data is presented in Table 5.3. 
Run-out specimens do not have an initiator at which to determine stress. In run-out 
cases the PSWT value at the specimen waist is therefore used as the applied stress for 
companson. 
This data is presented graphically in Figure 5.3 and Figure 5.4. Considering first the 
results for the high inclusion material, Figure 5.3, in comparison to the analysis using 
nominal applied stress at waist, a more convincing trend of increased life for reduced 
stress is observed. Specifically for specimen 23 which shows near fatigue limit 
performance at a' law of almost unity, whilst specimen 3 shows such behaviour with Nr 
= 2.479 x I 06 at a' law of 1.06. 
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Spec# Nf 
3 2479184 
4 61659 
5 I 1967 
7 24861 
9 11101 
11 25495 
12 64400 
13 10000 
15 ·287581 
16 48945 
17 11404 
18 56671 
19 54143 
21 10100 
23 9505516 
24 1059139 
25 14900 
27 1587021 
29 14013 
30 32900 
31 567146 
34 9572486 
35 49750 
36 14034867 
37 56400 
49 13849 
10663582 
10000 
337644 
709493 
20483 
38270 
10189525 
16000 
12135609 
52315 
12598 
14057918 
25905 
77500 
13661201 
10081 
75700 
191400 
9906689 
..JArea 
34.12 
29.20 
19.50 
22.15 
20.40 
18.85 
25.45 
12.72 
40.77 
36.63 
18.85 
26.91 
22.66 
31.02 
75.00 
24.80 
54.00 
9.10 
19.58 
35.50 
Run-out 
26.05 
Run-out 
50.00 
9.90 
Run-out 
7.66 
20.00 
21.60 
10.00 
Run-out 
22.15 
Run-out 
44.30 
20.00 
Run-out 
10.30 
13.50 
Run-out 
25.70 
Run-out 
51 
53 
55 
56 
57 
61 
63 
66 
67 
68 
69 
71 
73 
74 
75 
77 
78 
80 
90 
92 
95 
11774073 Run-out 
2514111 0 Run-out 
Depth of Stress at initiator 
Source (PSWT) 
0.3 715.51 
0 844.92 
0.003 1104.95 
0 929.79 
0 1195.80 
0 982.79 
0 869.75 
0 1181.30 
0.01 754.43 
0 870.23 
1137.08 
0 939.99 
0 779.13 
0 1174.21 
0.002 634.96 
0.04 825.90 
0 1063.15 
0 665.08 
0 1209.61 
0 962.42 
0 812.06 
746.8 
0 865.27 
782.65 
0 812.29 
0 1286.35 
0 
0 
0 
0.005 
0 
0 
0.045 
0 
0 
0 
0 
0 
0 
0.005 
0 
0 
778.60 
I 147.83 
770.30 
850.86 
I I 15.89 
1140.36 
774.97 
1096.29 
751 
770.18 
1178.41 
769.43 
1106.95 
858.98 
813 
1206.80 
1047.73 
824.24 
862.3 
837 
826.6 
Murakami predicted 
endurance (Mpa) 
671.4 
622.5 
666.1 
651.8 
661. I 
680.6 
645.1 
725.6 
651.7 
606.52 
1048 
679 
640.24 
661.6 
616.5 
588.7 
639.9 
562.1 
767 
681.7 
602.9 
1048 
643.7 
1048 
569.3 
739.7 
1021. I 
772.0 
657.9 
649.5 
728.2 
I 021.1 
1021. I 
705.6 
1021.1 
568.2 
657.9 
1021. I 
734.9 
692.6 
1021.1 
688.3 
I 021.1 
1021.1 
1021.1 
I 021.1 
1021.1 
Table 5.3- PSWT at fatigue initiation compared to Murakami model 
1.07 
1.36 
1.66 
1.43 
1.81 
1.44 
1.35 
1.63 
1.16 
1.43 
1.08 
1.38 
1.22 
1.77 
1.03 
1.4 
1.66 
I. I 8 
1.58 
1.4 
1.35 
0.71 
1.34 
0.75 
1.43 
1.74 
0.76 
1.49 
1.17 
1.31 
1.53 
I. 12 
0.76 
1.55 
0.74 
1.36 
1.79 
0.75 
1.5 I 
1.24 
0.80 
1.76 
1.03 
0.81 
0.84 
0.82 
0.81 
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Comparison between the failure stress and predicted 
fatigue strength for rotating bend tests In the High 
Inclusion material • Nf vs. PSWT at Initiator 
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Figure 5.3- Relationship between Nr and the ratio cr' /crw for the high inclusion material 
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Inclusion material • Nf vs. cr'/crw at Initiator 
><x 
Oox 
0 X 
0 X 
X\ 
" \\ /X Spec's 61 , 78 and 80 
o Subsurface lnduslon anomalous 
o Interior lndusion 
x Surface lnduslon 
6 Run-out 
--... 
0.00 -+-----------.------------.--------------, 
1.E+04 1.E+05 1.E+06 1.E+07 
Figure 5.4- Relationship between Nr and the ratio cr'lcrw for the low inclusion material 
For the low inclusion material the observed conclusion is that when PSWT at waist is 
used as the stress parameter the method appears to be non-conservative, in particular the 
three lowest points in the mid-cycle region. However when further analysing the data 
point-by-point it becomes clear that there is a link between these three worst points of 
the plot (specimens 61, 78 and 80) and their points of fatigue initiation. 
The anomalous result of specimen 17 is the single result of its type in the high inclusion 
material and shares the same fractographic observation as the above samples. 
When referring to the fractography summary, section 4, it is seen that most failures in 
the low inclusion material can be attributed to either an inclusion, a grain boundary or a 
surface defect, and (nearly) all in the H material to non-metallic inclusions. In these four 
cases however the origin of initiation remains undetected despite optical and SEM 
analysis (secondary and backscattered imaging). Since there is no obvious geometrical 
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feature to measure then the prection of fatigue limit by --JArea is not possible, therefore 
the intrinsic fatigue limit has been adopted as the comparison in these failures - this 
approach is clearly non-conservative. 
The cause of initiation in these failures remains unexplained but potential causes could 
be by an intrinsic fatigue mechanism at local softening (decarburisation) or local high 
tensile residual stress. It is therefore obvious that a fuller analysis of these factors, than 
has been achieved in this work is required and implies that in fatigue prediction of 
components an analysis of such factors is essential for conservative results to be 
achieved. 
5.2 Kurahari's Modification to the Murakami Method 
The modification of the Murakami method by Kurihara et al allows the consideration of 
variation in through section properties such as hardness and residual stress. This yields a 
profile of expected fatigue limit through the material. Such profiles are produced below 
for the H and L materials, Figure 5.5 and Figure 5.6 respectively. Each plot shows the 
intrinsic profile and the two inclusion altered profiles based on the probabilistic 
maximum inclusion size for one and fifty specimens in each material - generated from 
the IRMSE analysis. 
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Profiles of predicted fatigue limit for Material H by the 
Kurahari method 
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Figure 5.5 - Profile of predicted intrinsic fatigue limit a,.. and inclusion controlled fatigue limit cr,.1 
for one and fifty specimens of the high inclusion level material "H" 
The variation of the predicted fatigue limit through the depth of the material is due to 
the summation of the effects of hardness profile and residual stress profile. Surface 
softening and tensile residual stress will both reduce the fatigue limit whilst 
compressive residual stress is beneficial and will increase the fatigue limit. 
Characterisation of non-metallic inclusions by image analysis, chapter 2, has shown that 
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there is no trend in variation of non-metallic inclusion size or morphology through the 
thickness of material. Therefore the effect of non metallic inclusions does not add to the 
variation fatigue limit profile but assumes a constant value for the relevant number of 
specimens only. 
For specimens containing no inclusions, it is to be expected that failure will only occur 
if stress within the specimen exceeds that of the upper line (intrinsic fatigue limit) for 
any point in the specimen depth. 
Profiles of predicted fatigue limit for Material L 
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Figure 5.6- Profile of predicted intrinsic fatigue limit Owu and inclusion controlled fatigue limit Owt 
for fifty specimens of the low inclusion level material "L" 
Referring to Figure 5.6, for a specimen of material L containing a non-metallic inclusion 
of diameter 32J.lm at a depth of 1 OOJ.lm, a stress level of approximately 660MPa is 
required to yield fatal fatigue initiation (defined as the propagation of an emerging 
crack) at this point 
5.2.1 Assessment of the method in comparison to observed failures 
The above profiles of expected fatigue limit for the two materials are based upon 
probabilistic assessment of inclusion content It has been shown how the method can be 
used to predict fatigue limit profile based upon the expected number of specimens or 
components. Kurihara uses one specimen to determine the highest predicted fatigue 
limit level but this of course is expected to be non-conservative. Prediction for very high 
probability of zero failures would in reality be based upon the following, 
1. Inclusion assessment based upon large numbers of specimens (fifty has been 
used in this work. Firstly to illustrate the predicted effect on the fatigue limit and 
secondly as a comparison to the number failed specimens observed in testing) 
2. Maximum expected levels of decarburisation (reduction in surface hardness) 
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3. Minimum shot peen intensity (residual stress) 
In order to test the model, observed failures from these tests are compared to the 
predicted results. 
5.2.2 Analysis of results in the high inclusion material 
Of thirty five successful tests of specimens from the high inclusion material only two 
run-outs were attained. As discussed in chapter 4 the large majority of failures (>90%) 
were readily attributable to crack initiation at non-metallic inclusions. 
Figure 5.7 shows the comparison ofhigh cycle failures and censored run-outs, to the 
Kurihara fatigue limit profile prediction for specimens of the high inclusion material. In 
this case the two failures displayed were found to initiate at inclusions of.YArea = 35)lm 
and so this value has been used to generate the profile prediction curves. 
In this plot the stress profiles shown for all specimens are based upon the peak stress at 
waist (PSWT) modified only for specimen non-concentricity. 
High cycle and runout fatigue results in the high inclusion material compared to the 
predicted fatigue limit profile by Kuriharas method (.JArea=351Jm) and the Goodman 
clean material fatigue limit 
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Figure 5. 7 - Comparison of high cycle failures and run-out specimens to the Kurihara profile 
prediction for the High inclusion material 
Therefore the model is conservative since the predicted infinite life stress curve is 
significantly lower than the observed failures and the run-out specimen stress profiles, 
by 175MPa at the surface and 100MPa at depth 0.3mm. 
Failure of specimen 3 occurred at a depth of 300)lm at a fisbeye at Nr = 2.4 x 106 cycles. 
The actual stress at this depth is 1 OOMPa greater than the predicted profile and the 
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endurance of the test was 25% of the defined 'infinite life' level of lOM cycles. In 
comparison specimen 23 failed at a very near run-out ofNr= 9.5 x 106 cycles but was at 
a stress 200Mpa above the locally predicted fatigue limit for an inclusion of this size 
with the local material properties. 
Referring to failure 23, clearly a prediction error of200MPa (+30%) is unacceptable, 
albeit conservative. The reason for this apparent error is the use of the PSWT-at-waist 
value for definition of stress at the initiating inclusions - as discussed in section 4.3. 
Correction of this stress according to the position of the fatal inclusion yields results 
which are significantly more accurate, Figure 5.8. 
High cycle and runout fatigue results In the high Inclusion material compared to the 
predicted fatigue limit profile by Kurlharas method ( Area.i=JSjJm) and the Goodman 
clean material fatigue limit 
Failure stresses modified for fatal inclusion position 
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Figure 5.8 - Repeat of analysis with failed specimen stresses modified for failure position 
It can now be seen that the actual stress at the fatal inclusion is very close to the 
predicted failure stress for the fatal inclusion size. It is significant that the prediction is 
based upon the size of fatal inclusion in this specimen and that, being at a peak stress 
only 7% above the predicted fatigue limit, the failure is very near fatigue limit. 
5.2.3 Analysis of results in the Low inclusion material 
Eight run-outs were attained in the low inclusion material from a total of 32 successful 
tests. As discussed in chapter 4, seven failures were inclusion initiated whilst many 
(32%) were attributed to intrinsic fatigue mechanisms such as initiation at a grain 
boundary. Ten percent of failures were observed to have initiated at surface 
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imperfections such as scratches left from the polishing process, no initiations of the 
latter type being observed in the high inclusion material. 
Referring to Figure 5.9 it is again observed that the model is conservative for the low 
inclusion material. 
High cycle and runout fatigue results In the low inclusion material compared 
to the predicted fatigue limit profile by Kuriharas method (..JArea=321Jm) and 
the Goodman clean material fatigue limit 
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Figure 5.9 - Comparison of high cycle failure and run-out specimens to the Kurihara profile 
prediction - High inclusion material 
The single high cycle failure attained was in specimen 88 (7.8 x 106 cycles) at a 
subsurface fisheye with inclusion diameter of32J.1m. The lower bound (inclusion 
related) fatigue limit profile is shown for an inclusion of this size and it is clear that this 
failure occurred at a stress significantly higher than that predicted to yield run-out. This 
one poor result must be balanced against the other positive indicators of the model 
validity and is, 
1. Conservative 
2. Noted to exhibit a significantly different crack surface morphology remote from 
the fatal inclusion than all other failures indicating an extended crack 
propagation period before fast fracture 
The smooth, short crack, fatigue zone of specimen 88 is of the same size or smaller than 
other fish eye fractures in both materials. 
No run-outs were observed at stress greater than 90% of the Goodman predicted, 
intrinsic, endurance level indicating that, for clean specimens, i.e. those containing zero 
fatal inclusions, the model is again conservative. 
135 
It is observed that a regular dispersion of inclusions having diameter up to 2).lm 
(...JArea=l.8).lm) exists throughout the material and thus it is interesting to know the 
influence that such a dispersion is expected to have upon fatigue limit. Figure 5.10 
shows a profile of inclusion related fatigue limit compared to the intrinsic (Goodman) 
profile for the material. It is seen that at the ' ambient' level of non-metallic inclusions 
the two curves match very closely. The experimental result clearly supports this since 
run-outs occur at stresses very close to the ' ambient inclusion level ' prediction line. 
Of course if the material were super-clean, then the Kurihara model would predict 
fatigue limit above the intrinsic level and this cannot be true. In this case the intrinsic 
(Goodman) model would represent the limiting condition of fatigue limit. 
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Figure 5.10- Showing the close correlation between endurance level profile predicted using 
'ambient' inclusion levels and the intrinsic (Goodman) profile 
The Kurihara modification to the Murakami technique can be further analysed using the 
0' 'I O'w vs. N f comparison used by Murakami, Figure 5 .11 . 
The plot shows the Murakami model still to be conservative with the Kurihara 
modification applied although comparison of this plot to Figure 5.3 shows little change. 
The reason for this is that the Kurihara modification accounts mainly for local variations 
in hardness and residual stress of which are insignificant in the specimens tested. Major 
changes in the prediction would only occur for significant changes in microstructural 
character. 
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Figure 5.11 - Relationship between Nf and the ratio cr'fcrw for the high inclusion material, modified 
using Kurihara's method 
The major use of the Kurihara method in this thesis is in the preparation of profiles of 
fatigue limit and therefore in assessing the likely source of fatigue initiation location. 
5.3 Gustavsson and Melander - Fatigue Limit Prediction Method 
The method proposed by Gustavsson and Melander82 is a fracture mechanics based 
approach in which non-metallic inclusions are modelled as spherical voids. Elasto-
plastic crack closure is considered and the fatigue limit is defined as non-propagation of 
an initiated crack. 
5.3.1 Assessment of the model in usage 
In use this model varies significantly from the Murakami approach in two ways; 
1. The complexity of the model is greater; Murakarni's technique requires only the 
material hardness to be known as a material characteristic. Knowledge of a 
probabilistic maximum inclusion size then enables simple calculation of the 
fatigue limit. 
Only when the Kurihara modification is introduced does the Murakami 
technique become comparable in complexity to the current model 
2. The current model does not recognise the effect of inclusion location (surface, 
subsurface or interior) by weighting the predicted fatigue limit accordingly 
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Modification to the current model by the Kurahari profile prediction method would 
yield a very complex mathematical solution which is not attempted here since it has 
already been shown for these specimens that insignificant change in hardness and 
residual stress profile exists. 
The working of the current model is based upon the following precepts; 
1. There exists a critical pore size (or inclusion size), R*, below which the defect 
does not alter fatigue behaviour and the intrinsic fatigue limit is dominant 
2. Where the inclusion size exceeds the critical size there exists a critical annular 
crack size a0 which emanates from the defect and is expressed in terms ofR* 
and the critical crack size for transition to long crack behaviour. Therefore 
fatigue limit can be determined for defects exceeding the critical size 
Two basic microstructural parameters are used in the Gustavsson model; 
P The parameter defming the relationship between a0 and the critical pore 
size C0 - a 0 = (1-P) C0 . (This relationship is subsequently used to 
defineR* since ca=aoR *). 
,1.Ko Long crack effective threshold stress intensity range. 
Some indication of relevant values for these parameters in hardened spring steel is 
provided but the major drawback here is that confidence in selection of the correct 
values can only be attained by significant testing. 
Figure 5.12 illustrates the significant differences in prediction when the value of ,1.K0 
and Pare altered within the model. 
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Figure 5.12 -Prediction of technical fatigue limits fl.cr, vs. inclusion size for a material of 
600Hv;varying P and fl.Ko 
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It is clear that alteration of~ from 0.5 to 0.7 yields an apparent increase in critical (non-
damaging) inclusion radius from 1.8).lm to 2.2).lm which is not particularly significant 
when inclusions of this size are commonly occurrent in commercial material. If a 
regularly encountered size of defect is considered, one of radius 1 O).lm for example, we 
note a change in predicted fatigue limit from llcrJ=1040MPa to llcr1= 1160MPa. This is 
a significant change which has significant implication on allowable working stresses. 
Alteration of the ll"K, value has a more significant effect upon the predicted non-
damaging defect size since the critical size increases from 1.8).lm for ~=0.5 , ~=2. to 
7.2).lm at ~=0. 5 , Ll"K,=4. The latter inclusion size is one regularly encountered in both 
the dirty and 'clean' materials examined in this thesis. The predicted fatigue limit 
comparison between ll"K,=2 and ll"K,=4 (~=0.5) also shows a significant variation. The 
Ll"K,=4 curve predicting a fatigue limit of llcrJ=1700MPa for the inclusion of 1 O).lm 
radius, as opposed to llcr1=1 040MPa at ~=2. 
Gustavsson et al define a relationship between the ll"K, value and material hardness, 
drawn from various data, and this relationship is supported by the current data, 
discussed below. 
5.3.2 Comparson of the Gustavsson method to fatigue testing 
The model is compared to experimental results in the same manner as the preceding 
analyses ofthe Murakami and Kurihara techniques. Figure 5.13(a) to (d) and Figure 
5.14(a) to (d) show plots ofNr vs. cr' la w, the ratio of applied stress to predicted fatigue 
limit stress, for the high inclusion material. 
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Figure 5.13 - Showing plots of Nf vs. ratio of actual stress to predicted fatigue limit cr' lcrw for the 
high inclusion material "H". (a) Murakami prediction; (b) Gustavsson et al prediction AK.o=2, 
~=0.5; (c) Gustavsson et al prediction AK.o=3, ~=0.7; (d) Gustavsson et al prediction AK.o=4, ~=0.7 
Since the validity ofthe initiation location modified stress-life data has already been 
proven then these data only are used in this analysis. The Murak:ami prediction of these 
data are presented here for comparison and is used as a basic for selection of relevant 
values for the coefficients ~ and ~Ko. 
For the model to be conservative failure should only be observed at cr' law> 1. 
For the 'H' material it is clear that Figure 5.13(c) shows the best conservative 
comparison between model and experimental data (and a very close comparison to the 
Murakami prediction). The relevant microstructural parameters are therefore ~Ko=3 
and ~=0.7 for this material. 
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Figure 5.14- Showing plots of Nr vs. ratio of actual stress to predicted fatigue limit er' /crw for the 
low inclusion material "L''. (a) Murakami prediction; (b) Gustavsson et al prediction ~=2, f3=0.5; 
(c) Gustavsson et al prediction ~=3, f3=0.7; (d) Gustavsson et al prediction ~=4, f3=0.7 
Reference to the plots ofFigure 5.14 shows an identical conclusion to that for the H 
material, that the relevant microstructural parameters are ~Ko=3 and ~=0.7 for the 'L' 
material. The data-point where a failure has occurred for cr' lcrw<l is considered rogue 
due to inadequate material characterisation and is discussed earlier in this section. 
The parameters thus determined for this material, the recommendations of Gustavsson 
et a/ are considered and assessed. 
5.3.2.1 Relevance of~ level selected 
The value of~ selected as most representative to these experimental data is 0. 7. 
~ is the parameter which relates a critical crack size (from short to long crack 
behaviour) of an equivalent penny shaped crack to an annular crack emanating from a 
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spherical pore (or inclusion), such that the annular crack length ao is representative of 
distance to the nearest microstructural barrier- around half the austenite grain size is a 
good example. 
In this material the grain size can be estimated by fractography of fatigue failures to be 
of order 30J.1m diameter. Figure 5.15(a) and (b) show semi-intergranular surfaces from 
specimens H21 and H39 which are typical of the surfaces in the fatigue propagation 
zones of most specimens. 
In comparison the critical crack size for a material ofHv655, ~=0.7 and ~Ko=3 is 
5.9Jlm which from equation [ 49] yields, 
ao =(1-0. 7) C0 
a0 ~l.8J.l.m 
Gustavsson et a/ 's observation that Co ~ half the prior austenite grain size clearly does 
not follow for this experiment. 
However the value ~=0.7 is empirically shown to be the most relevant in this study, for 
the purposes of correct fatigue limit prediction. 
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Figure S.lS - Semi-intergranular fatigue fracture surfaces from specimens Hll and H30 showing 
grain size to be approximately 30pm 
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5.3.2.2 Relevance of the L\K, level selected 
As previously discussed, the effect of ~Ko is more marked than that of p. Reducing the 
~Ko value has the effect of reducing the predicted endurance stress for a given inclusion 
size- therefore making the model appear more conservative with increasing ~Ko. 
It is observed that ~K0=3 is the most suitable value in comparison to these tests. 
Gustavsson shows that for tests of material with Hv780 the value ~Ko=2 is most 
representative. For the Murakami data on specimens HV350-HV830 Gustavsson shows 
that ~Ko=4 is, generally, more representative. 
This is qualitatively correct since ~Ko should increase as hardness decreases. 
These tests, conducted at Hv655 and Hv638 show that a value of ~Ko=3 is appropriate 
and this is again in qualitative agreement. 
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5.4 Goto and Nisitani Method for Crack Propagation Life Prediction 
of Carbon and Low Alloy Steels 
This method is intended to predict the crack propagation life and experimental data are 
presented by Go to et al88 which confirm the suitability of the model - at least for 
material within a limited band of strength. 
The prediction of an SIN curve is obtainable which does not account for crack initiation 
life or long crack propagation life. Goto and Nisitani suggest, by observation of crack 
growth by the plastic replica method, that crack initiation life N; accommodates 20% of 
overall fatigue life whilst short crack growth to a length of2mm accounts for a further 
70%. 
Therefore the model should provide a conservative estimate of fatigue performance. 
The model does not include an estimation of fatigue limit but this has already been 
adequately achieved using the two models previously presented in this thesis. 
Equation [70] is the simple formula for prediction of short crack propagation life; 
Nsc=(3. 7 /C3).( crufcra)" 
n is a material independent constant for which Goto and Nisitani provide data for a 
selection of quenched and tempered steels at various ultimate tensile strength- see 
Table 1.12. These data show a dependency of non UTS, equation [62]; 
n = -9.3 X 10-3 cru + 16.5 
Similarly C3 is related toUTS, given by equations [66] and [67]. 
C3 = 9.8 X 1 04cru-2·5 .. . . . .. . ... .. . .. For Plain carbon and Cr steels 
C3 = 5.1 x 1 04cru-2·5 .. . . . .. . ... .. . .. For CrMo and NiCrMo steels 
These are used, below, to replicate the data of Go to et al. The replicated curve is shown 
in Figure 5.16(a) whilst the original published curve and comparison to experimental 
data is repeated in Figure 5.16(b). 
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Figure 5.16- Fatigue curves for SCr 400 predicted by Goto and Nisitani (a) Replicated curve using 
original data (b) Original curve as published87 
Goto and Nisitani present data (Table 1.12) for materials ofUTS in the range 673-1616 
MPa, providing relevant data of crack growth constants leading to equations [62], [66] 
and [ 67]. A comparison between experimental SIN data for the four materials examined 
and data predicted by the model is favourably shown in Figure 1.34(a)-(d), of which 
Figure 1.34(b) is repeated above as Figure 5 .16(b ). 
The prediction Nsc shows good correlation to the experimental SIN curve albeit that the 
curves presented by Go to et al are for materials whose UTS varies from 827-1 002MPa 
only. 
5.4.1 Assessment of the model in comparison to the current experiment 
The current experiment has been performed with materials of one nominal strength, 
2000MPa. Two batches of material of identical specification are tested which have been 
manufactured by different routes and thus exhibit significant differences in non-metallic 
inclusion levels. It is therefore expected that the SIN curves for the materials should be 
very similar with the high inclusion material exhibiting slightly lower fatigue strength 
and reduced fatigue limit. This expectation is confirmed by experiment as shown in 
Figure 3.13. 
It is therefore simple to produce a comparison between experimental data and the model 
by use of equations [62], [66•] and [70]. 
From equation [62], 
n = -9.3 X 10-3 O"u + 16.5 
n = -2.10 
• In this study it has been assumed that the material is closest to Plain carbon and Cr steel :. C3=9.8x I 04cr; 2·5 
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Similarly, from equation [66], 
C3 = 9.8 X 1 04cru-Z.S 
C3 = 5.48 X 104cru-Z.S 
Therefore equation [32] can be used to produce the S!Nsc characteristics of Figure 5.17. 
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Figure 5.17 - Predicted S/Nsc curve for the BS970 251A58 material of UTS 2000MPa 
This curve is clearly not correct, either in form or in order of prediction. Assessment of 
the two coefficients c3 and n in combination with equation [70] shows that with 
negative values ofn the model will predict decreasing fatigue life with decreasing 
applied stress which is, of course, nonsense. However the linear dependency ofn on O"u 
is clear from the data presented. 
It is demonstrated that the model provides realistic results for materials below a given 
strength level but the prediction becomes unrealistic in form and order for materials 
above a certain strength. 
The value ofn can be reasonably modelled using power curve fit, instead of the linear 
fit which Goto and Nisitani adopt. This measure prevents the value ofn decreasing 
below zero but still predicts a decay to the extent that for material with UTS above 1400 
MPa an unrealistic S!Nsc characteristic is observed. 
In summary, Goto and Nisitani present data leading to prediction of coefficients n and 
C3 up to material UTS of 1600MPa but only show predicted S!Nsc characteristics, in 
comparison to experimental data, in the range 827-1002Mpa. These data show good 
correlation for this limited strength range but cannot be validated by the current 
research. 
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5.4.2 Derivation of suitable values for C3 and n 
The values for C3 and n presented in the literature88 do not fit the data of the current 
research work. 
Instead, the fatigue test data for the two materials assessed in this work have been 
compared to the Go to model to determine satisfactory values of the constants for this 
material. 
The following crack propagation life predictions are made between the limits of crack 
length given in Table 5.4. Non-metallic inclusion sizes in the H material are such that a 
minimum size of crack once initiated must be considered as around 30f.lm. Many 
failures in the L material originate from intrinsic sources and a crack can be considered 
to propagate from a smaller size, 1 Of.lm has been selected here. 
Material Minimum crack size (mm) Crack size at failure (mm) 
Low inclusion .01 3 
High inclusion .03 3 
Table 5.4- The limits of integration for determination of crack propagation life 
Figure 5.18 shows fit of the model to the fatigue data for the H material. The grey line 
representing the high cycle fatigue regime is the fitted curve from fatigue test data, this 
regime is not suitable for modelling by the current method due to the large proportion of 
crack nucleation life exhibited. 
Figure 5.19 shows the corresponding data fit for the low inclusion material. 
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The data fit shown in the figure corresponds to the following values for C 3 and n shown 
in Table 5.1. 
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Figure 5.19- Fitted data of the unified crack growth law for the low inclusion material compared to 
the current fatigue test data 
The corresponding values for C3 and n are also presented in Table 5.5. 
Material n 
Low inclusion 0.01 6 
High inclusion 0.009 4.8 
Table 5.5- Fitted values of C3 and n for the two materials 
The crack growth law presented by Gota et a/ has thus been successfully applied to the 
current data within the LCF region, which is dominated by crack growth only. This is 
consistent with the claims made for the method by Goto et al. 
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6. Conclusions 
The fatigue performance in rotating bending of the spring steel BS970 251A58 has been 
shown to be deteriorated by high levels of non-metallic inclusions. 
At high stress levels, corresponding to the cyclic yield stress of the material, the high 
inclusion material is shown to exhibit only 2.5% less fatigue strength than the cleaner 
material - once the data has been normalised for the 5% difference in ultimate tensile 
stress of the two test materials. This depletion in stress increases to 11% at 105 cycles 
and results in a reduction of fatigue limit by 16% (corresponding to 107 cycles). 
It is clear that selection of a cleaner material could yield significant benefits in the 
fatigue properties of a spring component. Fatigue fracture analysis in two grades of 
suspension spring components by the current author101•102 proved that in shot peened 
suspension springs around 70% of failures can be related to non-metallic inclusions. 
6.1 Inclusion Rating by Statistics of Extreme Values (IRMSE) 
Realistic results have been achieved using the Inclusion Rating by Statistics of Extreme 
Values method (IRMSE) suggested by Murakami. Maximum size of inclusion predicted 
by the method - for the relevant number of failed specimens - compares well to size of 
fatal inclusions observed for each material by :fractography giving results within 15% of 
the observed maximum fatal inclusion sizes. 
This work has shown the high inclusion material to be more variable in predicted 
maximum inclusion size between individual microsections than the clean material, even 
when those sections are physically very close. In order to achieve a reliable result the 
IRMSE analysis should therefore include observation of a number of micro-sections. 
Twenty five sections of each material have been used in this study and has proven to be 
appropriate. 
In this research three sample field approaches have been used which have resulted in a 
wide range of predicted inclusion size. It is concluded that the best approach is to 
analyse a number of fields in a number of micro-sections ( 40 fields each in 25 micro-
sections in this study) and then to determine the maximum inclusion size found in each 
micro-section. Each micro-section is now treated as a sample field• within the IRMSE 
analysis, which is performed as normal, yielding a maximum predicted inclusion size 
for a specified number of specimens/components. 
'Having area as the sum of the forty fields. 
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6.2 Murakami's ..JArea Parameter Method 
It has been shown that fatigue limit predictions using the ...JArea Parameter Method for 
quenched and tempered high strength steels of designation BS970 251A58 containing 
non-metallic inclusions are conservative. The exception to this is that local 
microstructural variations, for example decarburisation softening, can reduce local 
fatigue limit to below the inclusion controlled level. 
The model predicts non-damaging, or critical, inclusion sizes (expressed as diameter of 
a spherical inclusion) for the materials as follows; 
Material 
H 
L 
Critical defect size (J.lm) 
1.45 
1.5 
These sizes are very small in comparison to inclusion sizes observed in either material 
in this study. A fatigue limit below the intrinsic level is thus to be expected and is 
observed in the experimental results. 
The study has shown that surface touching inclusions should be re-classified as 
'subsurface' . Inclusions at depths up to 1 OJ.1m are shown to be better modelled by 
equation [ 43], which describes surface touching defects, than equation [ 44], pertaining 
to interior defects. 
The ...JArea Parameter Method considers surface touching inclusions as the limiting 
factor for fatigue limit and this is supported here experimentally. If we consider Figure 
4.11 (SIN curve for the H material) we see that, in agreement with the ...JArea Parameter 
Method, subsurface inclusions initiate failure up to the fatigue limit. One failure actually 
initiates from this source very close to the endurance level of 107 cycles. 
Surface breaking inclusions have been conclusively proven to be unimportant to the 
fatigue limit process, all failures of this type occurring below the 105 cycles level. 
The basic form of the ...JArea Parameter Method does not incorporate correction for the 
presence of residual stresses - for example as a consequence of machining operations or 
shot peening. The lack of significant residual stress levels in the specimens tested has 
thus resulted in a more favourable comparison between the model and experimental 
results than would have been the case if shot peened specimens had been tested. 
6.3 Kurihara 's Modification to the ..JAr ea Parameter Method 
Kurihara's modification to the ...JArea Parameter Method allows for the consideration of 
residual stresses and hardness profile. Profiles of predicted fatigue limit profile (Figures 
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5.5-5.11) show how all failures lie within the expected range of stress at the appropriate 
depth of initiation. 
The model as applied to these experimental results only shows slight variation in 
predicted fatigue limit profile. This is due to the specimens tested in this work 
exhibiting little variation in hardness or residual stress profile. 
Analysis using the Kurihara modified method shows how the relevant stress to be 
associated with any failure is that stress which occurred locally. 
Whilst adopting a strong base from the .YArea Parameter Method, the Kurihara method 
is an essential modification to the method to accommodate local material variations. The 
technique does however introduce some significant complication to the analysis. 
6.4 Fatigue Limit Prediction Method - Gustavsson and Melander 
The fatigue limit prediction method proposed by Gustavsson and Melander is a fracture 
mechanics based approach, which has a significant disadvantage in complexity over the 
.YArea Parameter Method. 
The method includes no technique for hardness and residual profile correction. 
It is observed that the relevant value for ~ for both materials in this study is 
3MPa.Ym. Gustavsson et al observe a link between material strength and SK<> and the 
value 3 MPa.Ym is quantitatively aligned with the material strength level used in this 
study. It is observed that the relevant value for Pis 0.7. 
When the above coefficients are used the model predicts fatigue limit very closely to the 
.YArea Parameter Method. 
The fatigue limit prediction thus made is conservative, none of the inclusions observed 
by fractography were predicted as non-damaging. 
The method predicts non-damaging defect size as the diameter of a spherical inclusion. 
Predictions thus made are 4.1 J..lm and 4.31J.m for the High and Low inclusion materials 
respectively. The smallest inclusion observed as a fatigue initiation was 8)..lm. 
6.5 Goto and Nisitani - Prediction of crack propagation life of low 
alloy steels 
The unified crack growth method presented by Goto and Nisitani has been successfully 
applied to the fatigue data for both materials in the LCF regime only. This is consistent 
with the fact that the model predicts crack growth only and does not predict the fatigue 
nucleation life, which becomes dominant in the HCF regime. 
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The laws which Goto and Nisitani present, relating constants to material strength, have 
proved not to be applicable to the materials under test in the current work. 
The values for constants C3 and n have been derived in this work and are summarised in 
Table 6.1. 
Material 
Low inclusion 
High inclusion 
0.01 
0.009 
Table 6.1 -Fitted values of C3 and n for the two materials 
n 
6.0 
4.8 
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Appendix 2 
Symbolic Calculation Mathcad Worksheet "Wohler.MCD" 
Critical Volume Calculations for Wohler Specimens 
Start by defining variables 
Lma.x - 140 Total Specimen Length mm 
RR - 200 Radius of curvature mm 
X = 203.25 R+mlnfmum specimen radius mm 
L : 100 Distance from Waist to load P mm 
p - 250 LoadN 
0 = 11 .455 Specimen diameter outside waisted region, mm 
Now state the spec/men geometry, to find radius rl for any distance I 
17"'2 
rl =X - '1/RR. - I" 
Define stress using ETB 
u = MyA , t=mt' /4 
Sgencral = 4·P·(L I)·Y 
lt-rl4 
General equation for stress at any point 
-·········- ···-·· ............................ - .......................... (1) 
SO = 4·P·(L I) 
11:·rl3 
Since peak stress, S11 occurs at depth r=y at position 1=<1 
So if we find S
0 
we can derive the equation of the line y0.9, the depth at which a.?:0.9S0 by 
re-arranging the general equation at 1=<1 
SO = __ 4·_P_:· L:.._ 
11:·(X - RR)3 
L=IOO p •250 
SO • 927.257 X = 203.25 
So, equating values of 0.9S0 to general equation for stress (1); 
y =rl 
(S0)·0.9,.4·P·(L - I)·y 
1t-rl
4 
(S0)·0.9 - 4-P·(L - 1) 
1( (x JRR2 12f 
(x IRR2 ~~r 
RR •200 
(X - RR) ... -· ·I + (X - RR)· -· +-- +--·(X - RR) + - --(X - RR) ·I + 0 I 3 ( J(X - RR)
212 ( ( I(X - RR) I 1 I 2 I ] • (. 6) 
2 RR 4 RR3 (4.RR2) (g.RR3 ) (2 RR2) 
(SO) 09 p (L - I) -- -
(x3 - J.JRR2 - 12·X2 • 3·X RR2 - 3·X 12 - J RR2 - 12·RR2 ... J RR2 - 12 12)· 1[ 
Set top and bottom range to find limits of I; 
db 20 dt = 10 
z " dt - db 
dwruny = 1.2 .. ((dt - db)· lOO) 
Id = dummy + db 
dWIIIDy I()() 
y J[x-JRR2-(1)2rl~ .(S0·0.9) 
4·P·(L- I) 
ldc _ x·( S0-0. 9) 
4·P 
Y _:x -~-(1 )2r.kk 
(L - I) 
but y--rl @ limits of I, therefore; 
fx-.JRR2-(1)2r kk 
L - 1) 
ame 
ldc 
- =0.026 
L 
Adi.WIInl)' 0., 1-----+----+-------t-----t-----~----i 
... .,.dliiNII)' 0 j---~--~~~~====~~~--~ 
-o_,.__ ___ __._ ___ ......._ __ __. ____ _._ ____ L-___ _, 
--11) 
Now detennine the soluUon of the equaUon 
lmgdummy = J ·dummy 
mngx = sort( magx) 
Solmax = Smagx 1 
Solmin = Sma~ 
Solnulx = 1.622•10-j +1.067·103j 
Solmin - 1.186·10- 4 +2.491•103 j 
0 
Smagx 3.285· I 0-4 + 1.068· I 
4.466·10-4+2.492·1 
10 
The soluUon wfth the lowest imaginary part Is the one in the negative 
1' region; 
dummyma.x - !m( Solmnx) 
dummymin - Im(Solmin) 
11 - lddummynw< 
12 Id dummymin 
lmax = ift 11 > 12 .11.12) 
lmm = iftll <12,11 . 12) 
dummymnx = 1.067•1rl 
dummymin =2.491•1rl 
11 =-9.33 
12 =4.91 
lmnx =4.91 
lmin •-9.33 
mm 
mm 
Now referring to equation (1), the general equation for stress at any 
point, we can re-arrange for 0.9y; 
4·P·(L- 1)-y Sgeneral = 
4 1t·rl 
O = 4·P·(L - 1)-rl 
lt-rl4 
50·0.9 = 4·P·(L - I) 
1 x·re 
I canno1 be ddined I 
r14 ·lt·S0·0.9 
y = (L - I)·P·4 
Use 6th order series 
ri4 ·Jt·50-0.9 
y = (L I) P·4 
................................................... (1) 
... where ... 
,.--:;----; 
rl =X - .,JRR. - I" 
L•IOO 
y = 1t·S0·0.9 ·I (X- RR)· - l2·(X- RR)J J·Il +l2·(X - RR{ [.!..<X - RR) _ _ 1_1+ (X- RR)2L·] 
(L - I)·P-4 RR 4 RR3 (4-RR2) RR2 j 
dt 
V = lt· / dl 
db 
-~[ 
Now the volume of specimen in this region; 
In this case y = rl 
rl "'X - (AA2 - 12) 
Vlow • 4J0.26 
..,'t'O . 5'Z'-
Vopec ,_J law< 
lmia 
Vopec • ~:$·C.Soo 
Vllith =Vopec- Vlow 
Vhi&l> - 78.396 
\6·11 
Graphical calcs; 
Y2000 • 2.889 
~-o 
IOr-------~-------r------~--------r-------,-------~ 
~-y s~------+-------~-------4--------~------+-------~ 
~dummy ...... .. .. 
. ...... 1_ ..... .... .............................. ~ .... . 
0~------~------~------~--------L-------~------~ 
"'20 10 0 10 
Now lh• volume of lh• spec/m«J bMnk In this region; 
Rnd limits for 11; 
11 =31.383 -··~an ldentlelJI neptlve solution 
Slugvol :=lt· (¥ t2·ll 
waistvol ="_rn (x- ~mr- 11r dl j_u 
WaistVol - 3.38•tif 
Vrun :=Slugvol- WaistVol 
Vrun •3.089-lif 
Calculation Summary for Wohler Specimen 
of Dimensions :-
Lmax = 140 Tot11/ Spt1d11H111lt111gth mm 
RR = 200 R11dius of t:UTYlltllfl mm 
x = 203.25 R+minimum spediMD rMI/w mm 
L = 100 Distanc1 from Waist to load P (mm} 
P=250 LOidN 
o .. 11.4ss Sp1cim111 dlamltlf outsid~ 
waisted rBgion, mm 
S1om1try ulculations 
dt2 =L db2 :=L - Lmax 
d := 0,1 .. ((dt2 - db2)-2) 
Tnus of Sp1clm1n St1Dt1H1try (RtJd) 1111d Limit of High Str.u RtgiiHI 
ld2 : =~ + db2 
d 2 
fd :=X- jRR2- (1d2d)2 
rd :=~Re((rd))>~·i·rd] 
! I 
rl ·~ d ....... y 
I I I 
~------~---~ 
I I I 
-
-
10 
Str1ss C.Jculstions 
f3d = (fi 
Limits for y.., < r; 
lmin =-9.33 mm 
mm 
Depth of V_. fj 
1=0 
lmax =4.91 r~=3.25 
y2000- 2.925 
t :=rl2000 - y2000 
M1tsl Yolum1 r~mova/ r~quired; 
Vrem - 3.089•1tf 
Plots of Surf1u Strus (Red) and SptJCim1n Seom.try for All $ptJCI11H1111tJngth (lrom Chut:k) 
t =0.325 mm 
250 .------...-l ------,l...---- -...-l ----.1-----r--, -----yl----..., 
200 - -
~dJsor-
-
10 
fd"IO 100 r -
-50....-1- --~_,...___./_----~-~ 
o L_ _ __ ii ____ IL_ ____ ~I--===~========±=~====d-------~ 
-4o 0 
Peak Stress Stress Range 
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